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Abstract 

Let {M, g) an open and oriented riemannian manifold. The aim of this paper is to 
study some properties of the two following sequences of cohomology groups: 

^ 1. H2,m->Af(A^,p) defined as the image im(//^,„i„(M,g) Jf^,™^^(M, 5)) 

04 2. _H"2,m^M(A^,S') defined as im(//2,™i„(M,p) i?2,ma^(Af,5))- 

^ I We show, under certain hypothesis, that the first sequence is the cohomology of a suitable 

D Hilbert complex which contains the minimal one and is contained in the maximal one. 

^0 We also show that when the second sequence is finite dimensional then Poincare duality 

holds for it and that, in the same assumptions, when dim{AI) = mod 4 we can use it 
I to define a signature on M. Moreover we show several applications to the intersection 

cohomology of compact smoothly stratified pseudomanifolds and we get some results about 
I I the Friedrichs extension Af" of Ai . 

o 

Introduction 

5^ The study of singular spaces from a geometric differential point of view leads naturally to 

^ consider (and to study) open difFerentiable manifolds with incomplete riemannian metric. As 

examples we can think to the great variety of papers about the relationships between the 
Hodge and de Rham cohomology associated to some incomplete riemannian metric and the 
intersection cohomology of the whole singular space relative to some perversity associated to 
the metric. Among them, and the following list is just a brief reminder without any goals of 
psj completeness, we have the famous paper of Cheeger [5], the papers of Nagase [22], [23], the 

10 paper of Hunsicker and Hunsicker and Mazzeo [2] and [T5] and the paper of Saper [21] 

Nevertheless, as it is well known, when M is an open manifold and g is an incomplete rie- 
mannian metric on M then the de Rham differential di : L^il^{M, g) L^V.^'^^{M, g) could 
have many closed extensions when we look at it as an unbounded operator defined over the 
smooth forms with compact support. This implies that there exists several way to turn the 
" . I complex (f2J.(M), di) into an Hilbert complex and perhaps the most natural ones are to consider 

> iL^n'{M,g),dma.,^) and (L2j|'(M, g), where dmax,^ : L^nHM,g) ^ L^n'+^M,g) is 

defined in the distributional sense and dmin.i ■ L'^^^{^,g) — >■ L'^^^~^^(M,g) is defined as the 
closure, under the graph norm, of d^ : f7J,(M) il*+^(Af). So a natural question is: 

• if this two Hilbert complexes have finite dimensional cohomology groups or finite 
dimensional reduced cohomology groups, does Poincare duality hold for them? 

As it is well know the answer is usually no in both cases. 

Anyway, from the pair of Hilbert complexes (L'^^^{M,g),dmax/min,i) we can get other se- 
quences of cohomology groups defined in the following way: 

Him^MiM^g), defined as the image Hl,^^„{M,g) — ^ Hl^^^{M,g) (1) 

^2,m^M(^: ff): defined as the image H^rmn^M, g) — > H\^„,^^{M, g). (2) 
where in ([T]) , as well as in ([2]) , the map is the map induced in cohomology (reduced cohomology) 
by the natural inclusion of complexes {L'^n^{M,g),drain.i) ^ {L'^^^{M, g),dmax,i)- 
At this point we can summarize the goal of this paper in the following way: 
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• Investigate the properties of the groups, H2 m^Aii^y d)^ ^2 m^Mi^^ d) * = 0,..., dimM. 
In particular show that, under suitable hypothesis, the first sequence is the cohomology 
of a suitable complex which contains the minimal one and is contained in the maximal 
one and that, when the sequence defined in [2] is finite dimensional, then Poincare du- 
ality holds for it. In particular, joining this two properties, we will show that when 
{L'^{l'^{M,g),dmax/min,i) IS a Frcdholm complex then H2 „j_j.m(M, 5) is the cohomology 
of a Fredholm complex for which Poincare duality holds. Then we show that, when 
dim{M) = 4n, we can use again the sequence [2] to define a signature on M and to 
get the existence of a topological signature on M. Moreover we show several applications 
to stratified pseudomanifolds and we get a topological obstruction to the existence of 
a riemannian metric (complete or incomplete) with finite cohomology (reduced and 
unreduced). Finally we show some applications to Af^, the Friedrichs extension of A^; 
in particular we prove that when (L^r2'(M, g), dmax/min,i) are Fredholm complexes, then 
Af^ is a Fredholm operator for each i. This last result applies, for example, when M is the 
regular part of a compact and smoothly stratified pseudomanifold with a Thorn-Mather 
stratification. 

The paper is structured in the following way: 

in the first section we introduce the notion of Hilbert complexes; we generalize to this abstract 
framework the properties of the pair (L^ri*(M, g),dmin,i) C (L^f2*(Af, g), dmax,i)- In particular 
in definition [2] we introduce the notion of complementary Hilbert complexes, that is a pair of 
Hilbert complexes {Hj,Dj) C {Hj,Lj) such that there exist an isometry (pi : Hi ^ H^-i 
which satisfies (l)i{T>{Di)) = 'D{L*^_^_{) and o (j)i = Ci{(j)i+i o Di) on Vi^Di), where 

L*_j_j^ : Hn^i — > Hn-i-i is the adjoint of Ln-i-i : — > Hn-i and Ci is a constant 
which depends only on i. Then we prove these two theorems: 

Theorem 1. Let {Hj,Dj) C (Hj,Lj) a pair of complementary Hilbert complexes. Let i* ^ be 
the map induced by the inclusion of complexes between the reduced cohomology groups. Suppose 
that for each j 

\m{H^ {H, ,D,) ^H\H,,L,)) (3) 

is finite dimensional. Then 

im(H\H,,D,) HH'iH,,L,)), j=0,...,n (4) 
is a finite sequences of finite dimensional vector spaces with Poicare duality. 

The second theorem describe an abstract framework in which the groups im(i7' {H^ ,!?*)—>■ 
H'^{Hi,,Lif)) are effectively the cohomology groups of an Hilbert complex which is intermediate 
between {Hj.Dj) and {Hj,Lj): 

Theorem 2. Let [Hj,Dj) C [Hj,Lj) j = 0, a pair of Hilbert complexes. Suppose that 
for each j ran{Dj) is closed in i/j+i- Then there exists a third Hilbert complex {Hj,Pj) such 
that 

1. {H„D,)C{H„P,)<Z{H,,L,) 

2. W{H,, P,) =im{W {H,,D,) ^ W{H,,L,)). 

Moreover if {Hj , Dj) C (Hj,Lj) are complementary and (Hj,Dj) or equivalently {Hj,Lj) is 
Fredholm then {Hj , Pj ) is a Fredholm complex with Poincare duality. 



In the second section we specialize the situation to the pair of complementary Hilbert 
complexes that are natural in riemannian geometry; our main results are the following two 
theorems which are a consequence of the two previous results: 

Theorem 3. Let (M, g) an open, oriented and incomplete riemannian manifold of dimension 
m. Then the complexes 

{L'^n\M,g),d^ax,t) and {L'^n\M,g),drmn.t) 
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are a pair of complementary Hilbert complexes. 

In particular if \m{H\ ^^^{M,g) H\ maxi-^'^ t d)) finite dimensional for each i then 

im(i?2,mm(^'^>ff) ^ Hl ,^^x{M,g)) 

is a finite sequence of finite dimensional vector spaces with Poincare duality. 

In particular this last result is a geometric application of theorem [2] 

Theorem 4. Let (M, g) an open, oriented and incomplete riemannian manifold of dimension 
n. Suppose that for each i ran{dmin.i) is closed in L^Vl^~^^{M,g). Then there exists a Hilbert 
complex {LP'Q.'^(M, g)), dm,i) such that for each i = 0, ...n 

dmax,i is an extension of dm,i which is an extension of dmin,i and 

Hi^{M,g) = im{Hl^^^{M,g) ^ Hl^^^{M,g)) 

where H2 mi^i 9) is the cohomology of the Hilbert complex {L^il^{M,g),dm.i)- Finally, if 
{L'^fl^(M, g),djnax.i) or equivalently {L'^rt^{M,g),dmin,i) is Fredholm, then {L^fl'''{M, g),dm,i) 
is a Fredholm complex with Poincare duality. 

From the previous theorem we get as corollary that under certain conditions it is possible to 
construct a self-adjoint extension of : ri*(M) — ?> ri*(Af), the Laplacian acting on the space 
of smooth compactly supported j— forms, such that it is a Fredholm operator with nullspace 

isomorphic to im(H^ „^„(M, Hl^^^{M,g)). 



Corollary 1. In the same assumptions of theorem 12: Let A,j : fi*(M) — ?> r2J,(M) be the 
Laplacian acting on the space of smooth compactly supported forms. Then there exists a self- 
adjoint extension A^.i '■ L'^rt^{M, g) — >■ L^fl''{M, g) with closed range such that 

ifer(A„,,) ^ im{Hl^,^{M,g) ^ Hl^^^{M,g)). 

Moreover, if (L'^fl'^^M, g), dmax,i) or equivalently (L'^fl^{M,g),dmin,i) is Fredholm, then An,,i 
is a Fredholm operator on its domain endowed with the graph norm. 

In rest of the chapter we state several applications of these results; in particular we show that 
there be topological obstructions to the existence of a riemannian metric with some analytic 
properties, see corollary [Sj 

Finally, when (M, g) is an open, oriented and incomplete riemannian manifold of dimension 

2n 2n 

An such that im{H 2 mini'^ t 9) ~^ ^2 maxi^^ 9)) is finite dimensional, we show that it is pos- 
sible to define a L^ signature on M and that this implies also the existence of a topological 



signature on M; see definition |6] and prop. 18 



The third section is devoted to the applications of the previous results to compact smoothly 
stratified pseudomanifold with a Thorn-Mather stratification; after recalled the L^ Hodge and 
de Rham theorem stated in we get some consequences for the intersection cohomology 
groups associated to some general perversity in the sense of Friedman; see proposition |21[ 



corollaries 10 11 12 and 16 In particular we have the following: 



Theorem 5. Let X be a compact smoothly stratified pseudomanifold of dimension n with a 
Thom-Mather stratification. Let g be a quasi edge metric with weights on reg{X), see def. 
Then we have the following results: 

Ker{A^,,) = im(/'«i?*(X, 7^o) ^ P^H\X,no)) (5) 
ind((d„ + d;)e.„) = F«^«-x(^,7^o) (6) 
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where IPo^''^xiX,TZo) = Yl^.i-^Y MI"' H'iX^TZo) Ip^HHX^TZo)) and {dm + d*J^^ is the 
extension of 

d + (5 : nf{M) ^ nf+'iM) defined by {d^ + rf;)e.|L=n-(A/,g) := dm,2. + d;,2.-i 

i i 

which is a Fredholm operator on its domain endowed with the graph norm. 

Moreover we remark that in this framework the signature introduced in the previous 
section in a more general context has a topological meaning because it coincides with the 
perverse signature introduced by Friedman and Hunsicker in 13J, that is 

a2{reg{X),g) = o-q^^pg 

Finally in the last section we show some applications to Af, the Friedrichs extension of 
Aj. Our main result is: 

Theorem 6. Let (M, g) be an open, oriented and incomplete riemannian manifold such that 
{L'^Q,^[M,g),dmax,i)} or equivalently {L^rt^{M,g),dmin,i)} is a Fredholm complex. Then for 
each i, Af, the Friedrichs extension of Ai ; r2J.(M) — ^ J7^(M), is a Fredholm operator on its 
domain endowed with the graph norm. Moreover Ker{Af) — Ker{Amin,i) o,nd ran{Af) = 

Amax,i • 

As a particular case of the previous theorem we have the following corollary: 

Corollary 2. Let X be a compact smoothly and oriented stratified pseudomanifold of di- 
mension n with a Thorn Mather stratification. Let g be a quasi-edge metric with weights on 
reg(X). Then on L'^n'^{reg{X),g), for each i — 0, ...,n, Af is a Fredholm operator; moreover 
ran{Af ) = ran(A^ax,i) and Ker{Af) = Ker(A„^„,^i) = W^^^i^M^g). 
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1 Hilbert Complexes 

We start the section recalling the notion of Hilbert complex and its main properties. For a 
complete development of the subject we refer to [SI. 

Definition 1. A Hilbert complex is a complex, {H^,D^) of the form: 

O^Ho^H.^H^^ R^^O, (7) 

where each Hi is a separable Hilbert space and each map Di is a closed operator called the 
differential such that: 

L 'D{Di), the domain of Di, is dense in Hi. 

2. ran{D,) cV{D,+i). 

3. A+i o Di={) for all i. 

The cohomology groups of the complex are W{H^,,D^,) Ker{Di)/ran{Di^i). If the 
groups H^{H^, D^) are all finite dimensional we say that it is a Fredholm complex. 
Given a Hilbert complex there is a dual Hilbert complex 

^ Ha ^ Hi ^ H2 ^ ... Hn ^ 0, (8) 
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defined using D* : Hi+i — )■ iJ^, the Hilbert space adjoints of the differentials 

Di : Hi ^ Hi^i. The cohomology groups of {Hj, (Dj)*), the dual Hilbert complex, are 

W{H,, {Dj)*) Ker{D:_^_,)/ran{D:_,). 

For all i there is also a laplacian — D*Di + Di^iD*_^ which is a self-adjoint operator on 
Hi with domain 

2?(A,) = {ve V{D,) n Pp^i) : D,v G V{D*),D*_^v e P(A-i)} (9) 
and nuUspace: 

W{H^,D^) ■=ker{A,) = Ker{D,) n Ker{D*_^). (10) 

The following propositions are standard results for these complexes. The first result is a 
weak Kodaira decomposition: 

Proposition 1. [f^, Lemma 2.1] Let {Hi,Di) be a Hilbert complex and {Hi, (Di)*) its dual 
complex, then: 

H,^W ® ran(A-i) ® ran{D*). 

The reduced cohomology groups of the complex are: 

H\H.,,D.,) := Ker{D,)/{ran{D,^i)). 

By the above proposition there is a pair of weak de Rham isomorphism theorems: 

W{H,,D,)=Tr[H.,,D.,) 
W{H,,D,)^H'''\H,,{D,)*) 

where in the second case we mean the cohomology of the dual Hilbert complex. 

The complex (-ff*, I?*) is said weak Fredholm if 'Hi{H^,, D^,) is finite dimensional for each i. By 

the next propositions it follows immediately that each Fredholm complex is a weak Fredholm 

complex. 

Proposition 2. [JSjl, corollary 2.5] If the cohomology of a Hilbert complex (iJ*,Z?*) is finite 
dimensional then, for all i, ran{Di^i) is closed and H'{H^, D^) = (i/* , -D* ) . 

Proposition 3 ( 5 , corollary 2.6). A Hilbert complex {Hj,Dj), j — 0,...,n is a Fredholm 
complex (weak Fredholm) if and only if its dual complex, {Hj, D*), is Fredholm (weak Fredholm). 
If it is Fredholm then 

m{H,,D,) - H,{H,,Dj) = H„_.(H„ {DjY) = nn-^{H„ {D,y). (12) 

Analogously in the the weak Fredholm case we have: 

{H, ,D,) = H, {Hj ,Dj)^ H„_, {Hj , (2?, ) * ) = {Hj ,{Djy). (13) 

Now we recall another result which shows that it is possible to compute the cohomology 
groups of an Hilbert complex using a core subcomplex 

V^{H,) C H,. 

For all i we define T>°°{Hi) as consisting of all elements rj that are in the domain of A' for all 
I > 0. 

Proposition 4 (|5j, Theorem 2.12). The complex {'D°°{Hi), Di) is a subcomplex quasi-isomorphic 
to the complex {Hi,Di). 

Given a pair of Hilbert complexes {Hj, Dj) and {Hj, D'j) we will write {Hj, Dj) C {Hj, D'j) 
if for each j one of the two following properties is satisfied: 



Poincare duality, Hilbert complexes and geometric applications 



6 



1. Dj : Hi ^ Hj+i is equal to Dj : H-j — ;> 

2. D'j : Hj Hj+i is a proper closed extension of Dj : Hi 

We will write {Hj,Dj) C {Hj,Dj) when the second of the above properties is satisfied. 
For each j let ij : 'D{Dj) — > T>{Lj) denote the natural inclusion of the domain of Dj into the 
domain of Lj. Obviously ij induces a maps between H^{H^,, Z)*) and H\H^, L^) and between 

H\H^,D^) and H\H^,L^). We wiU label the first as 

t* ■.W{H,,D,)^ W {H,,L,) (14) 

and the second as 

z;^. : H' (H, ,D,)^H' {H, , L, ) (15) 
Consider again a pair of Hilbert complexes {Hi,Di) and {Hi, Li) with i = 0, ...n . 

Definition 2. The pair {Hi,Di) and {Hi, Li) is said to be related if the following property 
is satisfied 

• for each i there exist a linear, continuous and bijective map (pi : Hi — > Hn^i such that 
(f>i{T){Di)) = 'D{L*^_^_^) and o (j)i = Ci(0i+i o Di) on 'D{D^) where : 
Hn-i — >■ Hn-i-i is the adjoint of Ln-i-i : — > Hn-i and Ci is a constant 
which depends only on i. 

Furthermore we call the maps (pi link maps. 

• We call the complexes complementary if each (pi is an isometry between Hi and Hn-i- 
We have the following propositions: 

Proposition 5. Let {Hi,Di) and {Hi, Li) be related Hilbert complexes. Then 

L Also {Hi, Li) and {Hi,Di) are related Hilbert complexes. Moreover if {(pi} are the link 
maps which make {Hi,Di) and {Hi, Li) related then {</>*}, the family of respective adjoint 
maps, are the link maps which make {Hi, Li) and {Hi,Di) related. 

2. The complexes {Hi,Di) and {Hi,L*) have isomorphic cohomology groups and isomorphic 
reduced cohomology groups. In the same way the complexes {Hi, Li) and {Hi,D*) have 
isomorphic cohomology groups and isomorphic reduced cohomology groups. 

3. The following isomorphisms hold: W{H„ Di) = W-3{H„ Li), W {H„ A) = lt^\H^,Li). 

4. If the complexes {Hi,Di) and {Hi,L*) are complementary then each pj induces an iso- 
morphism between W {Hi, Di) and'H"'~^ {Hi, Li). 

Proof. By definition [2] we know that (p* : Hn-i Hi, the adjoint of p}i : Hi ^ Hn-i , is a 
family of linear continuous and bijective maps. In this way if we look at L*„j„]^ o (pi as an 
unbounded linear map between Hi and Hn-i-i with domain 2?(L* _j_;^o0j) = 0~^(I?(L*_j_;^)) 
we have that o (pi)* = cp* o Ln-i-i that is the adjoint of L*^_^_^ o pi is p* o Ln-i-i 

with V{P>* O Ln-^-l) = V{Ln-^-l). 

In the same way we have {pi+i o Di)* = {D* o p*^i) where T>{pi+i o Di) ~ T>{Di) and 
V{D* o 0*^^) = (0*_^J-i(r>(D*)). In this way it follows that C^{D* o p*^-^) = p* o Ln-i-i 
on 'D{Ln-i-i) for each i and clearly p*j^i{'D{Ln-i-i)) — T>{D*). So we can conclude that the 
complexes {Hi, Li) and {Hi,Di) are related with {p*} as link maps. 

The second property is an immediate consequences of definition [2] and the first point of the 
proposition . Now if we compose the isomorphisms of the second point with the isomorphisms 
of ( [Tl] ) we can get the isomorphisms of the third point. Finally if each pi is an isometry then 
p* — p^^. By definition [2] we know that pi induces an isomorphism between Ker{Di) and 
Ker{L*^_^_-^). In the same way by the first point of the proposition we know that p* induces 
an isomorphism between Ker{Ln-i) and Ker{D*_^). But now we know that p* = p~^ and so 
we can conclude that for each i pi induces an isomorphism between Ker{Di) D Ker{D*_^) and 
Ker{Ln-i)f^Ker{Ln-i-i)* , that is an isomorphism between ■H'(7J*, D*) and 'H"^*(iJ*, L*). □ 
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Proposition 6. Let {Hi,Di), i = 0, ...,n a Hilbert complex and suppose that for each i there 
exists (f>i : Hi ^ H^-i that is linear, continuous and bijective. Then there exist a Hilbert com- 
plex {Hi, Li) such that the complexes {Hi,Di) and {Hi, Li) are related with {0^} as link maps. 
Moreover if each (f>j is an isometry then the complexes {Hi, Di) and {Hi, Li) are complementary 
with {(/>i} as link maps. 

Proof. Consider the following complexes {Hi, Li) where each Li is the adjoint of the closed 
and densely defined operator (0„_i o Dn-i-i o 4>~^i_i) : — >■ Hi. It clear that {Hi, Li) is a 
Hilbert complex and by its construction it follows immediately that {Hi, Di) and {Hi, Li) are a 
pair of related Hilbert complexes having the maps {(pi} as link maps. Finally it is clear that if 
each (pj is an isometry then the complexes {Hi,Di) and {Hi, Li) are complementary with {4>i\ 
as link maps. □ 

Now we give the following definition which we will use later. 

Definition 3. Let Vq,Vi, ...,Vn be a finite sequence of finite dimensional vector spaces. We 
will say that it is a finite sequence of finite dimensional vector spaces with Poincare duality if 
for each i: 



We are now in position to state the first of the two main results of this section. 
Theorem 7. Let {Hj,Dj) C {Hj,Lj) be a pair of complementary Hilbert complexes. Let i 



be the map defined in (15). Suppose that for each j 



im{H\H,,D,) ^ H\H,,L,)) (16) 



is finite dimensional. Then 



im{H\H,,D,) ^ h\h,,L,)), j^O,...,n (17) 

is a finite sequence of finite dimensional vector spaces with Poincare duality. 

Now we state some propositions which we will use in the proof of theorem [7| 

Proposition 7. Let H, K be two Hilbert spaces and let T : H L'C be a linear and continuous 
map. Let T* : K ^ L the adjoint ofT. Suppose that ran{T) is closed. Then T : Ker{T)-^ — ^ 
Ker{T*)^ is continuous, bijective with bounded inverse. 



Proof. We have K = L<er{T*) ® Ker{T*)^ and Ker{T*)^ = ran{T). Therefore by the fact 
that ran{T) is closed it follows that T is a bijection between Ker{T)^ and Ker{T*)^ . Now 
from the fact that Ker{T)^ and {Ker{T*))^ are closed subspace of H and K respectively 
it follows we can look at them as Hilbert spaces with the products induced by the products 
of H and K respectively. In this way we can use the closed graph theorem to conclude that 
T\Ker{T)^ has a continuous inverse. □ 

Proposition 8. Let H be a Hilbert space and let M, N be two closed subspace of it. Let ttm, t^n 
be the orthogonal projection on M and N respectively. Consider M and N as Hilbert spaces 
with the scalar product induced by the one of H. Then 

t^m\n — {t^n\m)* 

that is if we look at ttj^Im as a linear and continuous map from the Hilbert space M to the 
Hilbert space N then 7rj\/|jv is its adjoint. 

Proof. During the proof we use <, >h to indicate the scalar product of H and <, >m, <, >Ar to 
indicate the scalar product induced by <, >// on M and N respectively. For each u £ M, v £ N 
we have < itn{u),v >n=< ^^{u) + njq± {u), v >h—< u, v >h=< u, tim{v) + t^m^ (^^) >h—< 
u,ttm >m and so we get the assertion. □ 



Now we are in position to prove theorem [7] . 
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Proof. From proposition [l]we k now that Hj = W {H., ,D.,)^ ran{Di^i) ^ran{D*) and that 
Hj = W{H^,L^) ran(Li_i) ran[L*). So for each j we can define ttd^ as the orthogonal 
projection of Hj on W {H^, D^) and ttl. as the orthogonal projection of Hj on W {H^, L^). In 
the same way we can define 7r ^^„p^._^) , 7r ,.^„(L,_,) . ^ ra»(D;) and 7r ^„„(j,.) . Finally we define 

Analogously, but now projecting from on the orthogonal components of the sum 

Hj = W{H^,,D^,)^ran{Di^i)^ran{D*), we define 7r4 j , tts j , TTg j . 
Our first claim is tho show that for each j 

TTi^jiUHH,, D,)) ^ im(H\H,, D,) ^h\h,, L,)) (18) 



Let [h] e H a cohomology class. By plj ) we know that there exists a unique 

representative of [h] in W (H^,, D^,). We call it w. Every other representative of [h] dif- 
fers from uj by an element in ran(£'j_i); therefore i*j{[h]) — [ij{uj)]. Now we can decom- 
pose w as w = TTi + 7r2j(w) -I- 7r3j-(w). Clearly [ij{uj)] — [tti ^(a;)] -I- [tts ,,-(a;)]. So if we 
show that TT3 j\-ui(H,,D,) = we get the claim. Now let 77 G W {H^, D^). Then ^3^(7]) G 
ran{Lj) n Ker{Lj) because Trsjif]) — rj — tti j{ri) — 1^2, jiv) and each term on the right hand 
side of the equality lies in Ker{Lj). But {Ker{Lj))-^ = ran{L*) and therefore TT3j{ri) = 0. So 
for each r] S W {H^,, D^,) we have TTsjir]) = 0. Therefore the claim is proved. 
In this way we know that ttij has closed range and that Kerijri^j) = ran{Lj-i) CiW {H^, D^). 
In the same way it follows that Ker{TT4j) — ran{D*) r\W {H^,,L^). Finally from the observa- 
tions above and from propositions [7] and [8] we get: 



1. W{H^,D^) ^ ran{TTi^j) ® {ran{Lj^i) nW {H^, D^)) = ran{T:i^j) Q) Ker{Trij) for each j. 



2. W{H^,L^) = ran{'Ki^j) ® {ran{D*) nW {H^, L^)) = ran{TTij) ® Ker{TTij) for each j. 

3. (ttij)* — TTij and both induce an isomorphism between ran^TTij) and ran{'Kij). 

By the fourth point of proposition [5] it follows that each (pj induces an isomorphism between 
W {H^,, D^,) and L*) . For the same reason (f>j induces an isomorphism between 

ran{Lj-i) and ran{D*^_-) and between ran{Dj-i) and ran{L*^_j) . This implies that each 
(j)j induces an isomorphism between nran(Lj_i) and V."^^ {H^, L^) r\ran{D*_j) 

that is an isomorphism between KerijTij) and ivTer (7r4^„_j). In this way we can conclude that 
each (pj induces an isomorphism between 

W{H,,D,) ^ W-^{H,,L,) 
and 



But 



WiH,,D,) 
Ker{TTij) 

and similarly 



ran(7r4j) = ran{-Ki^j) = im{H [H^^.D^) H 



The composition of the above isomorphisms gives 

im(H'{H,,D,) H H\H,,L,)) = im(H"'\H„D,) H"'\H,,L,)) 
and this complete the proof. □ 

Remark 1. By the above proof it follows that given a pair of Hilbert complexes C 
{H^,L^), without any other assumption, the following isomorphism holds for each j : 

rani-Kij) ^ im(H\H,, D,) ^H^ {H,, L,)). (19) 
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Moreover when the sequences of vector spaces on the right hand side of the above equality 
isomorphism is finite dimensional we have 

W {H, ,D,)n [W {H, , ) n ran(ij_i))-L = {W{H^,L^)n ran{D*))^ D W {H, , L, ) 

that is 

ran{'Ki^j) = ran{'Ki^j). 

The following statements are immediate consequences of theorem [7] 

Corollary 3. Suppose that one of the two complexes of theorem^ is Fredholm; then also the 
other complex is Fredholm and 

im{W{H,,D,)^W{H,,L,)), j=0,...,n (20) 

is a finite sequence of finite dimensional vector spaces with Poincare duality. Moreover 

ran(7rij) = im{W {H,,D,) — > WiH,,L,)). (21) 

and 

W{H,,D,) n {W{H,,D,)nran{Lj^i))^ ^ {W{H,,L,) f] ran{D*))^ nW {H^,L^). (22) 

Proposition 9. Let {H^,,D^,) C [H^,,L^,) a couple of complementary Hilbert complexes. Fur- 
thermore suppose that there is a third Hilbert complex (H^, , P» ) with the following properties: 

1. iH,,D,) C (H^P,) C {H,,L,). 

2. The reduced cohomology of (H^, P^) is finite dimensional. 
Then 

im{H\H,,D,) ^H\H^,L^)), j =0,...,n 
is a finite sequence of finite dimensional vector spaces with Poincare duality. 

Proof. The assertion is an immediate consequence of the following, simple fact. Let ii,j be 
the natural inclusion of {H^,D^) in (iJ*,P*), let i2,j be the natural inclusion of {H^,P^) in 
{H^,L^) and finally let i^j be the natural inclusion of (H^jD^) in {H^,L^). Obviously we 
have i^j = i2j o ii j. This implies that also the respective maps induced between the reduced 
cohomology groups commute. So we have «r 3 j — K2 j ° Ki j ^^^^ therefore 

im(i?^'(F,,D,) '-^ h\H,,L,)) C im{H\H,,P,) '-^ H^[H,,L,)). 
In this way, by the second hypothesis, we know that 

im(i7^ {H, ,D,)''^H\H,,L,)) 

is a finite sequence of finite dimensional vector spaces. Now we are in position to apply theorem 
[7] and so the proposition follows. □ 

Finally we conclude this sections with the following result: 

Theorem 8. Let (Hj^Dj) C [Hj,Lj) j — 0, a pair of Hilbert complexes. Suppose that 
for each j ran{Dj) is closed in Then there exists a third Hilbert complex {Hj,Pj) such 

that 

1. {H„D,)C{H„P,)C{H,,L,). 

2. H'{H,.,P^) = im{H'{H^,D^) H'{H^,L^)). 

Moreover if (Hj, Dj) C (Hj,Lj) are complementary and {Hj,Dj), or equivalently {Hj,Lj), is 
Fredholm then {Hj , Pj ) is a Fredholm complex with Poincare duality. 
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Proof. It is immediate that 

Ker{D,) 



ran{Li_i)nV{Di)' 



Therefore for each i = 0,...,n we have to construct a closed extension of D^, that we cah Pi, 
such that Ker{Pi) = Ker{Di) and ran{Pi-\) = ran{Li-i) D T>{Di). To do this, from now on 
we will consider the following Hilbert space {'D{Li), < , >g), which is by definition the domain 
of Li endowed with the graph scalar product. Therefore all the direct sum that will appear 
and all the assertions of topological type are referred to this Hilbert space (V{Li), < , >g). We 
can decompose {T>{Li), < , >g) in the following way: 

iV{L,),< ,>g)^Ker{Li)®V^ (23) 



where Vi = {a € 'D{Li)r\ran{L^)} and obviously these subspaces are both closed in {'D{Li), < 
,>&)■ 

Consider now {T>{Di), < , >g); it is a closed subspace of {T>{Li), < , >g) and we can decompose 
it as 

(©(A), <>g) = Ker{Di) ® Ai. (24) 



Analogously to the previous case Ai = {a £ T^{Di) H ran{D*)} and obviously these subspaces 

are both closed in {V{D,), <>g). Now let d = {a € V{Li) : L,{a) e 7?(A+i)}- is closed in 
{'D{Di), <>g) because it is the preimage of a closed subspace under a continuous map. Finally 
let Wi = CiHVi. Then it is clear that 

C^ = Ker{Li)(BW,. (25) 

Obviously if Ker{Di) = Ker{Li) then it enough to define Pj := ii|ci- So we can suppose 
that Ker{Di) is properly contained in Ker{Li). Let tti be the orthogonal projection of Ai 
onto Ker{Li) and analogously let 772 be the orthogonal projection of Ai onto Vi. We have the 
following properties: 

1. 772 is injective 

2. ran(7r2) C W, 

3. ran(7r2) is closed. 

The first property follows from the fact that Ker{-K2) — Ai\^Ker{Li). But Li is an extension of 
Di] therefore if an element a lies in AinKer{Li) then it lies also in Ker{Di) and so a = 0. For 
the second property, given a G Ai, we have Di{a) = Li{a) = Li{TTi{a) + 772 (a)) = ^^(772(0;)) 
and therefore 7r2(a) £ Wi. Finally, for the third property, consider a sequence {imlmeN C Ai 
such that 772 (ttm) converges to 7 € Wi. Then 

lim DAam)= lim LAam) = lim Lj{'K2{am)) = LA^). 

This implies that 

lim Dj{am) = Lj{'y) 

m— >-oo 

and therefore the limit exists. So by the assumptions about the range of Dj it follows that 
there exists an element 7] & Ai such that 

lim Dj{am) = Dj{r]). 

m— ^oo 

Moreover Lj{-f) — Dj{ri) — Lj{r]) — Lj{7r2{r])). This implies that L^- (772(7?) — 7) = and 
therefore 772(77) — 7 because 772(17), 7 € Wi and Lj is injective on Wj. In this way we showed 
that 772 is closed. 

Now define Ni as the orthogonal complement of ran (772) in Wi. Then for each a G Ai and for 
each f3 ^ Ni wc have < a,(3 >g=< 771(a) + 772(0;), /3 >= 0. This last property, joined with the 
fact that both Ai and A^, are closed, implies that the vector space generated by Ai and Ni is 
closed and, if we call it Mi, then we have Mi = Ai ® Ni. Again for each a G Ker{Di) and 
for each l3 G Mi we have < a,(3 >g= 0. This is because for each ^ G Mi there exist unique 
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Pi G Ai, P2 G Ni such that /3 = /3i © /32- Now it is clear that < a,/3i >g= =< a,/32 >g 
because Ker{Di) C Ker{Li), Ni C Wi, Wi and Ker{Li) are orthogonal and Ker{Di) and 
are orthogonal. Therefore, also in this case, if we call Bi the vector space generated by 
Ker{Di) and we have that = Ker{Di) ® A/,; = I?(A) ® and therefore i?^ is closed. 
Finally define Pi as 

P^■■^U\B, (26) 

By the construction it is clear that for each a € Bi then Pi{a) G ^(i^i+i) n ran{Li) and that 
'D{Di) C Therefore this implies that the composition P^+i o Pj is defined on the whole Bi 
and that Pi+i o Pi = 0. Moreover, if we look at Pi as an unbounded operator from Hi to 
then it clear that it is densely defined and closed. 

To conclude the proof we have to check that Ker{Pi) = Ker(Di) and that ran{Pi) = ran{Li)r\ 
V^Di+i). Let a G Ker{Pi). We can decompose a in a unique way as ai + a2 + 013 where 
ai S Ker{Di), a-i G Ai and 0:3 G Ni. The assumption on a implies that a2 + 03 G Ker(Pi). 
We can decompose ck2 in a unique way as a2 = Pi + P2 where Pi G ran{'Ki) and P2 G 
ran{'!T2). Again from the assumption on a it follows that Li{P2 + as) — 0. This implies 



that P2 + as G Wi (1 Ker{Li) and therefore from (25) we can conclude that P2 + ct?, = 0. 
But P2 + Oi3 G ran{-K2) ® Ni, P2 G ran{-K2), as G Ni and so we got Q — P2 = as. Now 
we have a2 = Pi that is a2 G AiD Ker{Li) = Ker{-K2)- By the injectivity of 7r2 it follows 
that a2 = and therefore a = ai G Ker{Dj). So we got Ker{Pi) C Ker{Di); the other 
inclusion is trivial and therefore we have Ker{Pi) = Ker{Di). Now we have to check that 
ran{Pi) = ran{Li) nl?(Z?i+i). Clearly, as observed above, the inclusion C follows immediately 
by the construction of Pi. So we have to prove the converse. Let -f G Wi. Then there exist 
and are unique 71 G ran{'K2) and 72 G Ni such that 7 = 71 + 72- Now let G Ai be the 
unique element in Ai such that 7^2(6) = 7i- Finally consider + 72- Then + 72 G Bi and 

P^{0 + 12) =L,i9 + -f2)=L,{TTi{0)+ 712(0) +j2)--Hji+j2)^L,h). 

In this way we showed that ran(Li) n 2?(i?i+i) = ran(Pi). 

Finally if {Hj,Dj) or equivalently {Hj,Lj) is Fredholm then H^{H^,, D^,) is finite dimensional 
for each i and therefore ran{Dj) is closed in iJj+i for each j. We have the following natural 
and surjective map 

Ker{D,+i) ^ Ker{D,+i) 
ran{Di) ran{Pi) 

This implies that also H^{H^,, P*) is finite dimensional, that is {Hj, Pj) is a Fredholm complex, 
and now using theorem [7] it follows that Poincare duality holds for it. This complete the 
proof. □ 



2 Geometric Applications 

2.1 Duality for reduced cohomology 

Now we want to show that riemannian geometry is a context in which pairs of complementary 
Hilbert complexes appear in a natural way. 

Let {M,g) be an open and oriented riemannian manifold of dimension m and let Eq, £"„ be 
vector bundles over M. For each i = 0, n let C^{M, Ei) be the space of smooth section with 
compact support. If we put on each vector bundle a metric hi i = 0, n the we can construct 
in a natural way a sequences of Hilbert space L'^{M,Ei), i — 0, ...,n as the completion of 
{M, Ei). Now suppose that we have a complex of differential operators : 

^ C^{M, Eo) ^ C^{M, El) A C^{M, E2) ^ ... C^{M, £„) ^ 0, (27) 

To turn this complex into a Hilbert complex we must specify a closed extension of P.^, that is 
an operator between L'^{AI,E^) and L^(M, i?*+i) with closed graph which is an extension of 
P*. So we state some definitions and propositions which generalize those ones stated in [3]. 
We start recalling the two canonical closed extensions of P. 

Definition 4. The maximal extension Pmaxj this is the operator acting on the domain: 



V{P^a.a) = {c^ e L^{M,Ei) : 3 7/ G L^{M,E,+i) 



(28) 
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S.t. <UJ,PlC>LHM.E,)^<VX>LHM.E,+,) CeC^{M,E,+^)} 

where P/ is the formal adjoint of Pi . 

In this case Pmax.i'^ — V- other words 'D{Pjnax.i) "i-s the largest set of forms oj G L'^{M, Ei) 
such that PiUJ, computed distrihutionally, is also in L'^{M,Ei^i). 

Definition 5. The minimal extension Pmin,i; this is given by the graph closure of Pi on 
C^{M,Ei) respect to the norm of L^{M,Ei), that is, 

V{P„,^n.i) = {^^ L^{M,E,) : 3 {ojjjjeJ C C^{M,E,), -> uj, P,ojj e L^{M,E,,+i)} 

(29) 

and in this case P„Lin,i'-^ = V 

Obviously 'D{Pmin,i) C 'D{Pmax.i)- Furthermore, from these definitions, it follows immedi- 
ately that 

Pmin^ii^^Pmin^i^^ ^ '^{Pmin^i+l} : Pmin^i+1 ^ Pmin^i 

and that 

Praax {,Pm,ax .i)^ ^ ^ {.P'max -j Pniax/i+l ^ Pmax/i 0- 

Therefore (L^(M, i?*), P„jj2,/„j„ are both Hilbert complexes and their cohomology groups, 

reduced cohomology groups, are denoted respectively by Hl^^rnax/mini^^ ^*) H^^^ax/miniM, E^). 
Another straightforward but important fact is that the Hilbert complex adjoint of 

(L2(m,S,),F„,,/™„,,) is iLHM,E,),P'^^^^^^^ J, that is 

{Pmax.i) = Pmin.iJ {Pmin.i) — Prnax,i- ("^0) 

Using proposition [T] we obtain two weak Kodaira decompositions: 



L'{M, E,) = W^^./.^iiM, Ei) ® ran{P^,^/ra^u,^-l) © '^a"(^„„„/„a,,.) (31) 
with summands mutually orthogonal in each case. For the first summand in the right, called 



the absolute or relative Hodge cohomology, we have by ( 10 ) 



Kbs/reiiM, E,) = Ker{P„,ax/^^n.) H i^er (F^„/„„^^,_ ^ ) . (32) 

We can also consider the two natural Laplacians associated to these Hilbert complexes, that is 
for each i 

Pmin,i ° Pmax,i + Pmax,i~l O Pmin,i~l (^3) 

and 

Pmax,i ° Pmin.i + Pmin,i—1 ° Pmax.i — 1 (34) 

with domain described in Using (10) and (11) it follows that the nuUspace of ( [33| is 
isomorphic to the absolute Hodge cohomology which is in turn isomorphic to the reduced 
cohomology of the Hilbert complex {L'^{M, E^,), Pmax,*)- Analogously, using again (10) and 



( 11 ), it follows that the nuUspacc of ( 34 ) is isomorphic to the relative Hodge cohomology which 
is in turn isomorphic to the reduced cohomology of the Hilbert complex (L^(Af, E^), Pmin.*)- 
Finally we recall that we can define other two Hodge cohomology groups Ti-lnax min (-^^' P'* ) 
defined as 

max, min {-^-^^ P*) ~ Ker{^Pyyiax/min,i') ^ -^^'''{Pmax /min,i—l) ■ (35) 

Now we are in position to state the following results: 

Theorem 9. Let {M,g) be an open and oriented riemannian manifold of dimension m and 
let Eq, be vector bundles over M endowed with metrics hi i — 0, ...,n. Suppose that we 

have a complex of differential operator : 

^ C^{M, Eo) ^ C^iM, El) A C^{M, E^) ^ ... ""^^ C^{M, S„) ^ 0, (36) 

and let 

^ L^{M, Eo) ^"^^'^ L2(Af, El) ^"-^^'^ L\M, E^) ... ^""A""' L'^{M, E„) 0, (37) 
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^ L^{M, Eo) ^'^'^ L^{M, El) L^{M, E^) ^'^"'^ ... ' E,-,) 0, (38) 



the two natural Hilbert complexes associated to (361 as described above. Suppose that for each 
i = 0, n there exists an isometry (pi : {Ei, hi) — )■ {En-i, hn-i); with a little abuse of notation 
let still denotes the induced isometry from L'^{M,Ei) to L'^{M,En-i)- Finally suppose that 
Pn-i-i ° (pi = Ci(0i+i o Pi), where Ci is a constant which depends only on i. 

If im{H2„iin{M, E^,) H\^„^^^{M , Elf)) is finite dimensional for each i then 

is a finite sequence of finite dimensional vector spaces with Poincare duality. 

Proof. From the hypothesis we know that for each i = 0, ...,n there exists an isometry (pi : 
{Ei,hi) — )■ {En-i,hn-i) such that P^^i^i o (pi — Ci{pi^i o where Ci is a constant which 
depends just by i. This isometrics of vector bundles induces isometrics from L'^(M,Ei) to 
L?{M,En-i), that with a httle abuse of notation we still label such that <pi{'D{Pmin.i)) = 

^(-Pmm,n-i-l) ^'^'^ ^mm,n-i-l ° 4>i ^ Ci{(pi+i O Prain,i)- So WC showcd that thc COmplcxCS 

{L'^{M, E^), Pmin,*) ^ {L'^{M, E^), Pmax,*) are a pair of complementary Hilbert complexes. 
Now, applying theorem [Tj we can get the conclusion. □ 

Theorem 10. In the same hypothesis of the previous theorem, suppose furthermore that for 
each i — 0,...,n ran{Pmin,i) is closed in L'^(M,Ei^i). Then there exists a Hilbert complex 
{L'^{M, Ei), Pm,i) such that for each i — {), n 

I^{Pmi7i.i) ^ I^{Pm.i) ^ I^{Pmax,i), 

Pmax,i is an extension of Pm,i which is an extension of Pmin,i o,nd 

Hl^{M,E,) = im(i/^__„(M,i?,) ^ Hl^^,{M,E,)) 

where H\^{M,Ei) is the cohomology of the Hilbert complex {L'^{M,E.i),Pm,i). Finally if 
{L'^{M,Ei),Pmax,i) or equivalently {L'^{M,Ei),Pmin,i) is Fredholm then (L^(M, iJ^), Pm,i) is a 
Fredholm complex with Poincare duality. 

Proof. It follows immediately from the previous theorem and from theorem [S] □ 

As a particular and important case we have the following two theorems: 

Theorem 11. Let {M,g) an open, oriented and incomplete riemannian manifold of dimension 
m. Then the complexes 

{L^n*{M,g),d ) and {L'^il*{M,g),dminr*) 
are a pair of complementary Hilbert complexes. 

In particular z/im(i?2 min{-^'^t9) -^2 maxi-^'^i 9)) is finite dimensional for each i then 

im(i?2,mm(A^,ff) Hl n,^x{M,g)) 

is a finite sequence of finite dimensional vector spaces with Poincare duality. 

Proof. Let * : A*(M) — >■ A"'~*(M) the Hodge star operator. Then * induces a map between 
ni{M) and nj?-»(M) such that for r],iv € ^liM) we have: 

< *r],*uj >L2(^j^4 g-j= / < *ri,*uj >M dvolM = / *r] A * * ui = uj A *ri = 
Jm Jm Jm 

= < UJ,r] >L^(M,g)^< >L2{M,g) 
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that is * is an isometry between fll{M) and fl^ *(Af). This impHes that * extends to an 
isometry between L'^n''{M,g) and L'^n"'-'{M, g). Now it is an immediate consequence of 
definition |4] and definition [5] that 



— i^miri.n — i— 1 * and that * dmaxA — 



max ^n—i— 1 ^ 



and the sign depends only on the parity of the degree i. So we can apply theorem [7] and the 
assertion fohows. □ 

Remark 2. The previous theorem shows that pair of complementary Hilbert complexes appear 
naturally in riemannian geometry. In fact the Hodge star operator provides naturally a family 
of link maps and so we do not need to assume their existence. 

Theorem 12. Let {M,g) be an open, oriented and incomplete riemannian manifold of dimen- 
sion n. Suppose that for each i — 0, ran{dmin,i) "is closed in L'^n^^^{M, g). Then there 
exists a Hilbert complex {L^n^{M,g)),dm,i) such that for each i — 0, ...n 

'^{.dmin.i) ^ ^{dm,i) ^ ^{drnax.i)^ 

dmax,i is an extension o/dm/i which is an extension of dmin,i o-nd 

Hl^{M,g) = im(ff^^_„(M,5) ^ Hl^,,{M,g)) 

where -ff|^(M, g) is the cohomology of the Hilbert complex {L^fl^{M,g),dm.i)- Finally, if 

{L'^fl^{M,g),dmaxA) or equivalently {L'^fl^{M, g),dmin,i) is Fredholm, then {L'^^^{M, g),dm,i) 
is a Fredholm complex with Poincare duality. 

Proof. Also in this case it follows immediately from the previous theorem and from theorem 
E □ 

We have the following corollary: 



Corollary 4. In the same assumptions of theorem 12: Let : Vl].[M) — >■ r2^(M) be the 
Laplacian acting on the space of smooth compactly supported forms. Then there exists a self- 
adjoint extension A^.i : L^rt^{AI, g) — >■ L^fl^{M, g) with closed range such that 

ifer(A,,,,) = im{Hl„^,jM,g) ^ Hl^^^{M,g)). 

Moreover, if {L'^ft'^^M, g), dmax,i) or equivalently {L'^Q.'^{M,g),dmin,i) is Fredholm, then Am,i 
is a Fredholm operator on its domain endowed with the graph norm. 

Proof. Consider the Hilbert complex (_L^il'(M, g), For each i = 0, ...,n define 

Am,i := dm.j ° c'm.i + dm.i~l o fim,i-l (39) 

with domain given by 

I?(A^,,) = {CJ e V{d^^i) n : dm,^(w) e and G V{dra,^-l)}. (40) 

In other words, for each i = 0, n, Am,i is the i — th Laplacian associated to the Hilbert com- 
plex (L^r2'(M, g), i). So, as recalled in the first section, it follows that (39) is a self-adjoint 
operator. Moreover, by the fact that dmin,i has closed range for each i = 0, n it follows that 
also 5min,i has closed range for each i. Finally this implies that also dmax,i has closed range 
because dmax,i — S'^in i- This means that for the Hilbert complex (L^ri*(M, g), rfm^i) the co- 
homology and the reduced L^ cohomology are exactly the same. The reason is that ran(dm,i) = 
ran{dmax,i) H Ker{dmin,i+i) = ran{dmax,i) n Ker{djnin,i+i) because they are both closed in 
L^n^'^^{M, g) and clearly ran{dmax,i) H Ker{dmin,i+i) = ran{dxn,i). So we can apply (11) to 
get the first conclusion. Moreover by the fact that ran{IS.rn,i) = ran[dm,i-i) ® ran{5m,i) it fol- 
lows that Am,i is an operator with closed range. Finally, using the fact that {L'^Q.'^{M,g),dm,i) 
is Fredholm, we get that Anx,i is self-adjoint, with finite dimensional nuUspace and with closed 
range and therefore it is a Fredholm operator on its domain endowed with the graph norm. □ 
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Remark 3. We remark that from the previous proof it follows that, under the assumptions of 
theorem 12. the operator dm,i has closed range for each i and therefore for the Hilbert complex 
{L'^fl''{M, g),dxn.i) the cohomology coincides with the reduced cohomology. 

From now on we will focus our attention exclusively on the vector spaces 

im(iJ2,min(-^; 5) ^2,maa; (-^^; s)) because, using these, we will get some geometric and 
topological applications concerning the manifold M. 

Anyway it will be clear that all the following corollaries of the remaining part of this subsection 

— ^ V i — i 

apply also for the vector spaces im(i/2^mi„(Af, i?*) — -7> H2^rnaxi.^T^*)) under the hypothesis 
of theorem [H 



Now, to get a lighter notation, we label the vector spaces 

im(-f^2,m*«(^J^>5) ^ Hl r„^^{M,g)) hI „^^j^i{M, g) and i?2,m^M(A^, 5) 
in the non reduced case. Moreover, when it makes sense, we define 

X2,m^M{M,g) := J2{-iydim(Hl^^^j{M,g)) (41) 

i=0 

and in the non reduced case : 

m 

X2,m^M(M, g) := Y,i-^ydim{Hl„,_M{M, g)) (42) 

1=0 

We have the following propositions: 
Proposition 10. In the hypothesis of theorem \ll\ if m is odd then 

X2,m^MiM,g) = 0. (43) 

// m is even then 

X2,m^M{M, g) = dim{Hl,^^M){M, g) (44) 
when Y is still even while if ^ is odd then 

X2,rn^MiM, g) = -dim(Hj„^^j,.i){M, g). (45) 

Finally if {L'^fl^{M,g),dmax,i) is Fredholm, or equivalently if {L'^Q,^{M,g),dmin.i) is Fredholm, 
the above results holds for X2,m^M{M,g) and ^^2^m->-M(-^' f)- 



Proof. The equalities (|43| , ( 44 ) and ( 45 1 are an immediate consequence of theorem 1 1 Fi- 
nally, if for example {L'^9.''{M,g),d^ax.,i) is Fredholm then Hl^^^{M,g) ^ Hl „.^^^{M,g) ^ 

-^2, mm — ^2mini^T9) ^^'^ ^'^ ^^^^ {L'^^^ (M , g) , d,nin,i) IS Frcdholm. Obviously the same ar- 
guments show that, if {L'^fl''{M,g),d„iin,i) is Fredholm, then also {L'^il^{M,g),dmax,i) is Fred- 



holm and therefore in (43), ( [44| ) and (451 we can use X2,m-^m{M, g) and H2 ,^^^j^,j{M,g). □ 

Proposition 11. In the hypothesis of theorem^ Suppose that one of the two following prop- 
erties is satisfied 

1- K.i ■ Hl^^iniM,g) — > H\ ,,^^^{M,g) is injective, 

^- i*r,i ■ H\^^i^{M,g) — > H\ „^^^{M,g) is surjective. 
Then 

Hl^rmJM,g), Hl„^^^{M,g) i = 0,...,?i (46) 

are both a finite sequences of finite dimensional vector spaces with Poincare duality. Finally, 
under the same hypothesis, if one of the two complexes (_L^r2*(Af, g), (i„^^/„j„ j) is Fredholm 
then the same conclusion holds for 



H2.rmJM,g), Hl^^^iM,g) i = 0, 
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Proof. : H\.^^^{M,g) — > H\„^^^{M,g) is injective then iJ2,™„(M, g) = Hl„^^M{M,g). 

This imphes that each H2 „j„(A'/, is finite dimensional and therefore, using theorem |ll[ we 
get i?2_^j„(M, g) = H^^^^^{M,g). Finally by the fact that the Hodge star operator induces 

an isomorphism between H\^^^{M,g) and H^max{^T9) follows that H^j^axi^^d) is a 
finite sequences of finite dimensional vector spaces with Poincare duality. In the same way if 
^rA ■ Hl,^rmniM,g) — > H\ '^^x{^I,g) is surjectivc then H\ „^^^{M,g) = H\ „^^f^f{M,g). Now 

the same arguments used in the injective case shows that H\ max (-^' d) ^ finite sequence 
of finite dimensional spaces with Poincare duality. Finally, using again the isomorphism in- 
duced by the Hodge star operator between H2 ,^^^{M,g) and -ff 2,max (-^j 5) S^t the same 
conclusions for H2 jnin{M,g). □ 

Finally we conclude the section with the following proposition; before stating it we give 
some definitions: let 

n n 

rfm + : 0L217'(M,5) -^^L'n\M,g) (47) 

i=0 2=0 

the operator defined as dm + dm\L'^ni(M,g) — d,m,i + i-i where dm,i is defined in theorem 



and the domain of (47) is 



12 



V{dm + dl,) = ^V{dm,r + dl 



i=0 



and V{dm,^ + = V{dm,r) n 

Proposition 12. Let {M,g) be an open oriented and incomplete riemannian manifold of di- 
mension n. Suppose that for each i = 0,...,n ran{dmin,i) closed in L'^fl^^^{M, g) and that 
(L^f2*(M, 5), (im,i) is a Fredholm complex. Then the operator [dm + dm)ev defined as 

n n 

dm+dl -.^L^n'^M^g) -^^L'n^^+\M,g) 

i=0 i=0 

with domain given by 

n 

V{{dm,. + d;,,-i)e.) V{dm + rf;) n L^n^\M,g) 

is a Fredholm operator on its domain endowed with the graph norm and its index satisfies 

md{(dm + d*J,y) = Xm^M{M,g) (48) 

Proof. By the fact that {L'^il^{M, g),dm,i) is a Fredholm complex it follows that dm + is a 
Fredholm operator on its domain endowed with graph norm. Now if we define {dm + dm) odd 
analogously to {dm+dm)ev, then it is clear that 'D{dm+dm) = 'D{{dm+dm)ev)®'D{{dm+dm)odd), 
that Ker{dm + d*^) = Ker{{dm + dm)ev) ® Ker{{dm + dm)odd) and that ran{dm + dm) = 
ran{{dm + dm)ev) ffl ran{{dm + dm)odd)- This implies immediately that also {dm + dm)ev is 
a Fredholm operator on its domain endowed with the graph norm. Finally ( |48[ ) is an easy 
consequence of the Hodge theorem stated in corollary [1] □ 

2.2 A topological obstruction to the existence of riemannian metric 
with finite cohomology 

Now we want to show another application of the vector spaces iJj m^M (-^^j 9) ■ Consider again 
the complex (f2*(M), c?*). We will call a closed extension of (ri*(M), c?*) any Hilbert complex 
{L^n'{M,g),D,) where A : L^n^{M,g) ->■ L^n'+^{M,g) is a densely defined, closed opera- 
tor which extends di : f2*(M, 5) ri*+^(M, g) and such that the action of Di on 'D{Di), 
its domain, coincides with the action of di on Vi in a distributional way. Obviously for 
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every closed extension of {ni{M),d^) we have {L'^n*{M, g),dmin,*) C {L'^n* (M, g), D^) C 
{L'^i}*{M,g),dmax.*)- We wiU label with H\ jj {M,g), j^^{M,g) respectively the reduced 
cohomology and the cohomology groups of (L^f2'(M, g), Di) and with T-Cjj (Af, g) its Hodge co- 
homology groups. Moreover if {L'^Vt*{M, g), D[) is another closed extension of (i7*(M), d*) such 

that {L^n*{M,g),Di) C {L^n*{M,g),D[) we will label with H'^ jj^jj,{M,g),Hljj^jj,{M,g) 
respectively the image of the cohomology groups, reduced cohomology groups, of the complex 
{L'^W{M,g),Di) into the cohomology groups, reduced cohomology groups, of the complex 
{L^^l* {M, g), D'^) induced by the natural inclusion of complexes. 
Before we proceed we need the following propositions. 

Proposition 13. Let (M,g) he an incomplete and oriented riemannian manifold of dimension 
TO. For each i = 0, ...,to consider 'D{djnax.i)- Let u € '^(dmax.i)- Then there exists a sequence 
of smooth forms {ujj}j^iq C fl^{M) n L'^fl^{M,g) such that : 

1. d.Ljj e L^n'+^{M,g). 

2. uj-j -^oj in L'^n^{M,g). 

3. diujj dmax,iOJ in L'^n^+^{M, g). 



Proof See pag 93. □ 

The next proposition is a variation of a result of de Rham, see [H] theorem 24. 

Proposition 14. Let (M,g) an incomplete and oriented riemannian manifold of dimension to. 
For each i = 0,...,to consider 'D{dmax,i)- Let lu € ran{dmax.i) such that uj is smooth. Then 
there exist rj £ n^{M) such that dirj = uj. 

Proof. By Poincare duality between de Rham cohomology and compactly supported de Rham 
cohomology on an open and oriented manifold we know that it sufficient to show that 

M 

for each closed and compactly supported n — i— form to get that uj is an exact i— form in the 



smooth de Rham complex. Now, by proposition 13 we know that there exists a sequence of 



smooth i— forms {wjl^gN such that diUij — >■ w in fF^l''^^ {M , g) . Then: 

UJ A (j) — ( lim diUJj) A (j) = lim / diUJj A (j) — ± lim / diUJj A = 

= ± lim < d^ujj,*(l) >L^(M,g)^ ± lim < ujj,5i-i{*cj)) >L'^iM,g)= 0. 

So the proposition is proved. □ 

Proposition 15. Let {L'^^l^{M, g), Di) any closed extension o/(^2*(M), d*) where {M,g) is an 

incomplete oriented riemannian manifold. Then every cohomology class in H\ (M, g) has a 

smooth representative. The same conclusion holds for every cohomology class in j-,^(M,g). 



Proof. By (111 we know that every cohomology class in H\ ^ {M,g) has a representative in 
Wjj {M,g). Now, by elliptic regularity (see for example de Rham book [9 ), it follows that 
every element in 71}^^ (M, g) is smooth. Now if we look at proposition |4j elliptic regularity 
tells us again that every element in 2?°°(L^ri*(Af, g)) is smooth. Therefore form this it follows 
immediately the statement for {M,g). □ 

From the above propositions [14] and [15] it follows that that there exists a well defined map 
from H2 £1 [M, g), respectively from ^ (A/, g), to the ordinary de Rham cohomology of M 

which assigns to each cohomology class [uj] G H\jj^[M,g), respectively [uj] G H2 jj^{M,g), the 
cohomology class in H^j^{A4) given by the smooth representatives of [uj]. By proposition 14 this 



cohomology class in H^j^{M) does not depend from the choice of the smooth representative of 
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[oj] and therefore this map is well defined. 
We will label these maps: 



sj) j : D, (-^) 9) — ^ ^dni^) '^on reduced case 



and 



.s* ]j j : H2 {M, g) — > W^ji{M) in the reduced case 
In particular for the maximal and minimal extension we will label these maps; 

s*M,i ■ H2,^ax{M,g) — > H'^r{M) in the non reduced case 

and 

Sr,M,^ : Hl n^^xiM,g) — i- H^f^iM) in the reduced case 
and analogously for the minimal extension 



Sm,i ■ Hl^mini^^g) — > H'^niM) in the non reduced case 



and 



4,m,i ■■ H2,min{M,9) H'^r{M) in the reduced case 
Now we are ready to state the following proposition: 



(49) 
(50) 

(51) 
(52) 

(53) 
(54) 



Proposition 16. Let {M, g) he an open, oriented and incomplete riemannian manifold. Let 
{L'^U^{M,g),Da,*),{L'^^''{M,g),Db^^.) be two closed extension of {fll{M) , d^) such that 



(55) 
(56) 



{L^n*{M,g),dmin,*) C (L20*(M, 5), £)„,,) C {L^n*{M,g),Db^,) C {L''ir{M,g),d^ax,.). 
Then the two following diagrams commute: 

HUM) ^ Hl^{M) HUM) ^ if^^(M) 



HiminiM, g) ^ Hlma.{M, g) h'{M, g) > H'iM, g) 



HU., (M, g) Hl^^ ^ (M, g) ^) _^ jj^^^^ ^ ^) 

where all the above arrows without label are the natural maps between cohomology, respectively 
reduced cohomology groups, induced by the natural inclusion of the relative complexes. 

Proof. It is clear that both the two following diagrams commute: 
Hi{M) Hi{M) 



HiminiM, g) > Hl^,,{M, g) H\.{M, g) ^ H'{M, g) 



H'2,n.„ {M,g)^ H^^^^ ^ (M , ,) 5;^^^^^ ^) ^ ^^^^^^ ^ g) 

So, to complete the proof, we have to show that the two following diagrams are both commu- 
tative: 

HUM) HUM) 



m,ma.iM,g) — Hi^{M) Hl^^^{M,g)^-^ H^^iM) 
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To prove this it is enough to show that given a cohomology class [oj] € i?| „^^^{M,g), respec- 
tively [lij] € H\ maxi^-^Td)^ such that Lo is closed, smooth and with compact support, if [lo] = 
in Ii2,niaxiM,g) or in H\ „^^^{M,g) then also s;^,(a;) = 0, respectively s,*^^^^(w) = 0, that is 
the cohomology class of oj in H^j^{M) is null. This last statement follows immediately from 
proposition [T4j □ 

Using the previous proposition we get the following corollary in which the first statement 
extends a result of Anderson, see , to the case of an incomplete riemannian metric both for 
the reduced and the unreduced cohomology groups. 

Corollary 5. Let (M, 17) as in the previous proposition. Then, for each j = 0, dimM , there 
are injective maps: 

im{Hl{M) -> Hi,r.^M{M,g) H^^^oS^.g) (57) 

iui{Hi{M) ^ Hl^{M)) Hi „^^^AM,g) ^ Hi ,,^^^^iM,g) (58) 
Moreover if Hl{M) — > H\]^{M) is injective then 

Hl{M) ^ Hl,^^^,{M, g), HUM) ^ i?Ln^A/(M, 9) (59) 

are injective and therefore for each closed extension (L^ri*(Af, g), Z?*) also the following maps 
are injective: 

HUM) ^ Hlj,{M,g), HUM) ^ H^oiM^g) (60) 
Proof. It is an immediate consequence of the previous proposition. □ 



Now we give other three corollaries of proposition 16 In particular the third corollary 
shows that it could exist a topological obstruction to the existence of a riemannian metric 
on g with certain analytic properties. 

Corollary 6. Let M an open manifold such that for some j im{Hl{M) -A' H^^^{M)) is non 
trivial. Then for every riemmannian metric g on M and for every pair of closed extensions 
{L^n*{M,g),Da,.,), {L^n*{M,g),Db,*) such that {L^fl* {M, g), Da^^) C {L^n* {M, g), Dt,,) we 
have that for the same j both vector spaces 

{M,g), Hi {M,g) 

are non trivial. In particular this implies that for the same j the following four vector .spaces 
are non trivial: 

/f^;^JM,5), Hl^^{M,g), H{o^{M,g), H%^{M,g). 

Corollary 7. Let [M, g) an open, oriented and incomplete riemannian manifold. Suppose that 
there exists a pair of closed extension (M, g), Dq.*), (L^r2*(Af , g), Z?;,^*) of (r2*(M),(i*) 

such that are both weak Fredholm and {L'^fl* (M, g), Da.*) C {L'^n*{M,g),Dt,^^,). 

Then im{Hl{M) — ^ H^j^^{M)) is finite dimensional and we have 

dim{im{Hi{M) ^ H^^j^{M))) < dimHljy^{M,g) (61) 

dtm{im{Hi{M) H^^^M))) < dimHij,^{M , g) (62) 

In particular if one of the two complexes {L'^Q.*{M,g),d^ax/min,*) weak Fredholm then 
also the other one is weak Fredholm and for each j = 0, ...,m we have: 

dimiMHUM) ^ iZ^«(M))) < dimHi^^a,{M,g) (63) 
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dim(uT,{Hi{M) ^ i?^^(M))) < dzmHi^^^^{M,g). (64) 

Finally if one of the two complexes (L^fJ* (A/, y), c?„£jj./,„j„^) is Fredholm then for each j = 
0, m we have: 

dim{m,{Hi{M) ^ Hl^{M))) < dimHi^^^{M, g) (65) 
dim{Sm{Hi{M) ^ H'^^^M))) < dzmH{^^^iM, g). (66) 



Proof. It is an immediate consequence of corollary [5] □ 

Corollary 8. Let M an open, oriented and incomplete riemannian manifold where m = 

dim{M). Suppose that there exists an j £ {0, ...,m} such that im(_ff^(Af) — ^ H^^j^{M)) is 
infinite dimensional. Then M does not admit any riemannian metrics g ( complete or incom- 
plete) such that g implies the existence of a closed extension (L^il* (M, g), D^) of {Vl*^{M),di,) 
with one of the following properties for the same j : 

1. -ff 2 _D (-^iS) or jy'' {M , g) is finite dimensional. 

2. {M,g) or H^^jj-' {M , g) is finite dimensional. 

3. D* o Dj + -Dj-i o D*_i on its domain (as defined in ^) endowed with the graph norm 
is a Fredholm operator. 

Moreover M does not admit any riemannian metric g such that: 

1. Ajnax.j, the maximal closed extension of Aj : f2^(Af) — > ri^(A/), has finite dimensional 
nullspace. 

2. Ajnin.jj the minimal closed extension of Aj : r2^(Af) — > r2^(Af), satisfies 
dim{ran{Arain,j)'^) < oo. 

Proof. The first two points are immediate consequence of corollary [5] and theorem |1I[ The 
third point follows immediately by (10) and ITTl). 



Finally, for the last two points , if Ker[Amax,j) is finite dimensional then all the other closed 
extensions of Aj : ri^(A/) — > r2^(Af) have finite dimensional nullspace. So we can apply the 
third point to get the conclusion. Finally if we consider Aj^inj then we have A^j„ j = A^axj- 
So if dim{ran{Amin,i)^) < oo then Ker{Amax.j) is finite dimensional. Now by the previous 
point we can get the conclusion. □ 



2.3 and topological signature on an open oriented and incomplete 
riemannian manifold. 

The aim of this subsection is to show that if (Af , g) is an open oriented and incomplete rieman- 
nian manifold such that for i — 2k ^2 m->-M(-^^) 5) is finite dimensional, where 4/c — dimM, 
then we can define over M a signature and a topological signature. The first step is to 
show that using the wedge product we can construct a well defined and non degenerate pairing 
between H2 „_j.A,/(Af, g) and ^_^j^j{M,g) where n — dimM. In fact any cohomology class 

[iu] £ H\ ^_^j^,j{M, g) is a cohomology class in iJg maxi^^^9) which admits a representative in 
Ker{dmin.i)- So we can define: 

Hl.m^M {M, g) X H'^Z^M {M, g) ^ R, (iviH) ^ [ ^7 A w (67) 
where uj £ Ker{dmin,i) and 77 £ Ker{dmin,n-i) 
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Proposition 17. Let (M,g) he an open, oriented and incomplete riemannian manifold of 
dimension n. Then ( |67[ ) is a well defined and non degenerate pairing and therefore when the 

vector spaces m-i-M .?) * — 0, ...,7i are finite dimensional it induces an isomorphism 
between 

H2.,n^MiM,g) and {H'^ '^,i{M,g)y. 



Proof. The first step is to show that ( p37| ) is well defined. Let ry', w' other two forms such that 

[?7] = [r]'] in H^^^^mIM, g), [w] = [u j'] in H^ ^^^niM^g) and th at uj' € Ker {d,mnA), v' e 

Ker{dmin,n-t) ■ Then there exist a G dmax,i-i n2?((i™n,i) and /3 S dmax,n-i-i ^'D{dmin,n-i) 
such that rj = if + a and w = oj' + Therefore 



Now 



M JM 



/ 77' A w' 4 


I ry'A/3 + 


/ a A 4 


- / aA 


JM 


Jm 


JM 


J M 



77' A /3 = ± / < 77', */3 > dwo/M 77', */9 >L2(M.3)= 



because Ker{drain.i)^ — '>'o,n{5max,i)- In the same way: 



Finally 



aA/3 = ±/ <a, */3> dvohi —< ct, */3 >L^(M,g) — 0- 

Af JAf 



a Auj' = zk < a, *Lu' > dvolnj —< a, *(^' >L^(M.g)- 

M JM 



because Ker{Smin,i-i)'^ = fan{dmax.i-i)- So we can conclude that (67) is well defined. Now 
fix [77] e H2 „,^m{^^9) ^nd suppose that for each [uj] e H^^^i^j{M,g) the pairing (67) 
vanishes. Then this means that for each w € Ker{dmin,n-i) we have 77 A a; = 0. We also 
know that J^jTI Alo =< 77, *a; >L^(M,g) and that *{Ker{dmin,n-i)) = Ker{5min,i~i) ■ So by 
the fact that {Ker{6min,i-i))^ — '''m{d„iax,i~i) we obtain that [77] — 0. In the same way 



if [lo] e H^^m^Mi^^g) is such that for each [77] e -ff2,m^Af (-^' 5) the pairing (67) vanishes 
then we know that for each 77 € Ker(dmax,i) we have /^^ rj A uj — 0. But we know that 
Jj^rjAui =< ri,*u; >L^(M,g)- So by the fact that *{ran{draax. n-i-i) ran{5max,i) and that 
{Ker {drain, i))^ = ran{5max,i) we obtain that [lo] = 0. 



So we can conclude that the pairing ( 67 ) is well defined and non degenerate and therefore when 
the vector spaces H\ m-^Mi-^^ g) i — 0, ...,n are finite dimensional it induces an isomorphism 
between if2,m->A'/ (M,g) and (i/2,m^A/(^^,5))*- □ 



Remark 4. We can look at this proposition as an alternative statement (and proof ) of theorem 

m 

We have the following immediate corollary: 
Corollary 9. Let (M, g) an open, oriented and incomplete riemannian manifold of dimension 

=1n 



471. Then on Hr^ ^_^^j(M, (7) the pairing (67) is a symmetric bilinear form 



We can now state the following definition: 

Definition 6. Let (M,g) an open and oriented riemannian manifold of dimension 4n such 
that, for i = 277, H^^^j^j{M,g) is finite dimensional. Then we define the L^ signature of 
{M,g) and we label it cr2{M,g) as the signature of the pairing (|67[) on H2 (M, g). 



Consider now the sequence of vector spaces im(i/*(Af) — > H^j^{AI)) i = 0, ...,dimM. A 
cohomology class in im(i?^(A/) — > H^j^j^{M)) is a cohomology class in H^j^{M) which admits 
as representative a smooth and closed form with compact support. So in a similar way to the 
previous case we can define: 

MHliM) ^ Hl^{M)) X im(ifrXM) ^ H^j,\M)) M, ([7;], M) ^ / ^ A (68) 

JM 
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where w is a i— form closed with compact support and in the same way 77 is a closed n — i— form 
with compact support. Now by Poincare duality for open and oriented manifolds it follows 
easily that this pairing is well defined and non degenerate. So we can conclude that, if for 
each i = 0, ...,dimM im(_ff^(M) H^jj{M)) is finite dimesional, then the pairing 



68 



induces 

an isomorphism between ini(_ff^(Af) i7^^(M)) and im(i7"^*(Af) -> iJ^^'(M))*.~Tvioreover 



it is clear that when dimM = An then, for i = 2n, (68) is a symmetric bilinear form. This 



implies that when dimM = An it is possible to define a signature on M, which is topological 



by de Rham isomorphism theorem, taking the signature of the pairing (68) for i = 2n. This 
leads us to state the next proposition: 

Proposition 18. Let {M,g) be an open, oriented and incomplete riemannian manifold of 
dimension An. If {M,g) admits the signature a2{M,g) of definition^then it admits also a 
topological signature defined as the signature of the pairing ( |68[ ) on im(iJ^"(Af) — > H^^{M)) . 

Proof. If Af admits the signature a2{M,g) then, by definition [6j we know that ^^2'»n-i-M(-^i s) 
is finite dimensional. Now, by corollary [5] we know that also im.{H^"{M) H^^{M)) is finite 
dimensional and so the pairing [68] admits a signature. □ 

Moreover in the next section we will see that, on a class of open, incomplete and oriented 
riemannian manifold, the signature of definition [6] has a topological meaning. 



3 Topological Applications 

The aim of this section is to exhibit some topological and geometrical applications of the pre- 
vious results. In the first part we show some application to the intersection cohomology with 
general perversity of a compact and smoothly stratified pseudomanifold. In the last part we 
exhibit some examples for which corollary [8] applies. 

To get the paper as self contained as possible we will recall briefly the definitions of smoothly 
stratified pseudomanifold with a Thom-Mather stratification, quasi edge metric and intersec- 
tion cohomology with general perversity. 

3.1 A brief reminder on (smoothly) stratified pseudomanifolds and 
intersection cohomology 

We start this subsection by recalling the notions of a smoothly stratified pseudomanifold with 
a Thom-Mather stratification. For the more general (and simple) definition of stratified pseu- 
domanifold we refer to |3] and |19) . 

Definition 7. A smoothly stratified pseudomanifold X with a Thom-Mather stratification is a 
metrizable, locally compact, second countable space which admits a locally finite decomposition 
into a union of locally closed strata © = {^a}; where each Ya is a smooth, open and connected 
manifold, with dimension depending on the index a. We assume the following: 

1. If Ya, Ypee and r„ n 7^ then Y^ C 

2. Each stratum Y is endowed with a set of control data Ty , tty and py ; here Ty is a 
neighborhood of Y in X which retracts onto Y , ny : Ty Y is a fixed continuous 
retraction and py : Ty — !■ [0, 2) is a proper radial function in this tubular neighborhood 
such that Py^ (0) = Y . Furthermore, we require that if Z £ and Z fl Ty ^ then 
{iTy^py) : Ty H Z ^ Y X [0 , 2) is a proper differ entiable submersion. 

3. If W,Y,Z e e, and if p e Ty n Tz n W and ttz{p) E Ty n Z then Try{TTz{p)) = ny{p) 
and py{TTz{p)) = Py{p)- 

I IfY,Z e e, then YC]^ ^^-^TyOZ ,TyC]Tz^^^Y (ZZ,Y = Z or Z (ZY. 

5. For each Y G &, the restriction ny : Ty Y is a locally trivial fibration with fibre 
the cone C{Ly) over some other stratified space Ly (called the link over Y ), with atlas 
Uy — {{(j),U)} where each (j) is a trivialization 'Ky^{U) — > [/ x C{Ly), and the transition 
functions are stratified isomorphisms which preserve the rays of each conic fibre as well 
as the radial variable py itself, hence are suspensions of isomorphisms of each link Ly 
which vary smoothly with the variable y £ U . 
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6. For each j let Xj be the union of all strata of dimension less or equal than j , then 

X — Xn^i is dense in X 

The depth of a stratum Y is largest integer k such that there is a chain of strata Y = 
Yfe, ...,lo such that Yj C ^-i for i < j < k. A stratum of maximal depth is always a closed 
subset of X. The maximal depth of any stratum in X is called the depth of X as stratified 
spaces. Consider the filtration 

X = X„DX„_iDX„_2 3^„-3 3-3^0 (69) 

We refer to the open subset X — Xn~i of a stratified pseudomanifold X as its regular set, and 
the union of all other strata as the singular set, 

reg{X) :— X — sing{X) where sing{X) Y. 

Ye&,depthY>Q 

For more details and properties we refer to [T]. 

Now we take from 0] the following definition and result. Before giving the definition we recall 
that two riemannian metrics g,h on a smooth manifold M are quasi-isometric if there are 
constants Ci,C2 such that cih < g < C2/1. 

Definition 8. Let X be a smoothly stratified pseudomanifold with a Thorn- Mather stratification 
and let g a riemannian metric on reg{X). We call g a quasi edge metric with weights if 

it satisfies the following properties: 

1. Take any stratum Y of X ; by definition^for each q ^ Y there exist an open neighborhood 
UofqinY such that (j) : TrY^{U) — > [/ x C{Ly) is a stratified isomorphism; in particular 
(j) : tTy^{U) n reg{X) — !■ [/ x reg{C{LY)) is a diffeomorphism. Then, for each q <E Y , 
there exists one of these trivializations (0, U) such that g restricted on nY^{U) H reg{X) 
satisfies the following properties: 

i^~'n9\rr^Uu)nregix)) = dr ® dr + hu + r^'gL^ (70) 

where hjj is a riemannian metric defined over [/, c € K and c > 0, gLy o, riemannian 
metric on reg{LY), dr ® dr -\- hjj + r^'^g^^ riemannian metric of product type on 

U X reg{C{LY)) and with = we mean quasi-isometric. 



2. If p and q lie in the same stratum Y then in ( 70 ) there is the same weight. We label it 

Cy- 

Remark 5. Implicit in the above definition is the fact that if the codimension of Y is 1 then 
Ly is just a point and therefore (</'^"'^)*(3l7r-i(;7)nreg(x)) — dr ® dr + hjj . 

We refer to [4 for more comments about the above definitions, for some properties about 
metrics of this kind and for the proof of the following proposition. 

Proposition 19. Let X be a smoothly stratified pseudomanifold with a Thom-Mather strati- 
fication X. For any stratum Y d X fix a positive real number cy ■ Then there exists a quasi 
edge metric with weights g on reg{X) having the numbers {cy}y<£X as weights. 

Now we need to recall briefly the notion of intersection homology with general perversities. 
Intersection homology is a deep and rich field of algebraic topology founded by Mark Goresky 
and Robert MacPherson at the end of seventies. From the first two fundamental papers, [16] 
and [T7], there have been several developments and the original theory has been extended in 
many directions. Our intention now is to recall briefly the extension of intersection homology 
given by Greg Friedman in . For the original theory introduced by Goresky and MacPherson 
and also for more topological property about stratified pseudomanifolds we refer to [1^], [T7] . 
[3] and [19]. 
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Definition 9. Let X be a compact and oriented stratified pseudomanifold of dimension n. A 
general perversity on X is any function 

p : {Singular Strata of X} — !■ Z. (71) 

The dual perversity of p, usually labelled q, is the general perversity defined in this way 

q^t~p (72) 

where t is the top perversity that is, given a singular stratum Z of X , t{Z) — cod{Z) — 2. 

Example 1. The upper middle perversity 

m : {Singular Strata of X} — > Z. (73) 

is defined in the following way: 

^ codjY)-! , 
m{Y) ^ [ ] 

while the lower middle one is 

t — fn. 

Now we introduce the notion of p— allowable singular simplex : a singular i— simplex in 
X, i.e. a continous map ct : — > X, is p— allowable if 

fT^^(y) C {{i — cod{Y) + p{Y)) — skeleton of A^} for any singular stratum Y of X. (74) 

A key ingredient in this new theory is the notion of homology with stratified coefficient 
system. 

Definition 10. Let X stratified pseudomanifold and let Q a local system on X — Xn-i- Then 
the stratified coefficient system Qq is defined to consist of the pair of coefficient systems given 
by Q on X ~ Xn-i and the constant system on X„_i i.e. we think of Qq as consisting of 
a locally costant fiber bundle Gx~x„-i over X — Xn-i with fiber G with the discrete topology 
together with the trivial bundle on X„_i with the stalk 0. 

Then a coefficient n of a singular simplex a can be described by a lift of cr\cr-'-{x-x„-i) 
to G over X — Xn-i together with the trivial lift of o'|cr-i(x„_i) to the system on Xn-i- 
A coefhcient of a simplex a is considered to be the coefhcient if it maps each points of 
A to the section of one of the coefficient systems. Note that if a~^{X — X^-i) is path- 
connected then a coefficient lift of a to Go is completely determined by the lift at a single 
point of a~^{X — Xn-i) by the lifting extension property for G- The intersection homology 
chain complex {IPS,^{X,Go),^^) are defined in the same way as IpS^{X,G), where G is any 
field, but replacing the coefficient of simplices with coefficient in Go- If na is a simplex a with 
its coefficient n, its boundary is given by the usual formula d(nu) = ^j{—^y(n o ij){a o ij) 
where ij : A,j_i — ^ A^ is the j— face inclusion map. Here n o ij should be interpreted as the 
restriction of n to the jth face of a, restricting the lift to G where possible and restricting to 
otherwise. The basic idea behind the definition is that when we consider allowability of chains 
with respect to a perversity, simplices with support entirely in Xn-i should vanish and thus 
not be counted for allowability considerations. We recommend to the reader the references 
[TU] . [TT] and [T^] for a complete development of the subject. 

Finally we conclude this subsection recalling from [51 the following definition and the next two 
theorems: 

Definition 11. Let X be a smoothly stratified pseudomanifold with a Thorn- Mather stratifi- 
cation and let g a quasi edge metric with weights on reg{X). Then the general perversity pg 
associated to g is: 



Jy 1 




Iy ^0 



Pg{Y):^Y^[[^-\-—]] = { ^ + Iy even and Iy^O (75) 

2 2cy 1 i^-i , rri , 1 11 odd 

where Iy — dimLY and, given any real and positive number x, [[a;]] is the greatest integer 
strictly less than x. 
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Theorem 13. Let X he a compact and oriented smoothly stratified pseudomanifold of dimen- 
sion n with a Thom-Mather stratification X. Let g be a quasi edge metric with weights on 
reg{X), see definition^ Let TZq be the stratified coefficient system made of the pair of coef- 
ficient systems given by {X — Xn-i) x M over X — X„^i where the fibers M have the discrete 
topology and the costant system on Xn-i- Let pg be the general perversity associated to the 
metric g, see definition \ll\ Then, for all i = 0, ...,n, the following isomorphisms holds: 

I'^^H\X,TZo) = Hl„,,,{reg{X),g) - HU,{reg{X), g) (76) 

IP^H\X, TZo) = Hl^,„{reg(X),g) = W,,i{reg{X), g) (77) 

where Qg is the complementary perversity of Pg, that is, qg = t — pg, t is the usual top perversity 
and T^abs/reii^^d^^) ' 9) '^'^^ Hodge cohomology groups defined in 32 In particular, for all 



i = 0, n the groups 

H2,maxireg{X),g), Hl^„^{reg{X),g), nitsireg{X), g), niAreg{X),g) 
are all finite dimensional. 

Proof. See ^ theorem 4. □ 

Theorem 14. Let X be as in the previous theorem. Let p a general perversity in the sense of 
Friedman on X . If p satisfies the following conditions: 

P>rn . . 

p{Y) = ifcod{Y) = l ^'^ 

then there exists g, a quasi edge edge metric with weights on reg{X), such that 

PH\X,no) = Hl^,^{reg{X),g) ^ '}V,,i{reg{X),g). (79) 

Conversely if p satisfies: 

{ 1>{Y)~= -1 if cod{Y) = 1 
then, also in this case, there exists a quasi edge metric with weights h on reg{X) such that 

PH\X,no) = Hl„,,,{reg{X),h)^n'U,{reg{X),h). (81) 

Proof. See ^ theorem 5. □ 
3.2 Applications to the intersection cohomology 

Now, after the previous reminder, we are ready to show some appUcations of the results of the 
previous sections. 

Proposition 20. Let X be a compact and oriented smoothly stratified pseudomanifold of di- 
mension n with a Thom-Mather stratification X. Let g be a quasi edge metric with weights on 
reg{X). Then 

Hl,m^M{reg{X),g), i^O,...,n 

is a finite sequence of finite dimensional vector spaces with Poincare duality. Moreover propo- 
sition \10\ and proposition \11\ apply to this kind of riemannian manifolds. 



Proof. By theorem 13 we know that both cohomology groups max/min^^^9^'^)^9) finite 
dimensional. This implies that in the following sequence LP^ „j_j.^(ref/(X), g), i ~ 0, ...,n each 
dimensional vector spaces is finite dimensional. In this way we are in position to apply theorem 



11 proposition 10 proposition 11 and therefore the thesis follows. □ 
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Now consider two general perversities p, q such that q < p. Then the complex associated to 
g is a subcomplex of that associated to p and therefore the inclusion i induces a maps between 
the intersection cohomology groups I'^H^{X,TZo) and PW{X,'R,q) that we call i* . In analogy 
to the previous section we define for each j = 0, n 

J9^P^J(X,7^o) im(/'^i^^(X,7^o) A PW{X,nQ)) (82) 

and 

n 

I''^PxiX,no) := J2{-iydim{r'^PW{X,Tlo)) (83) 

Now we are ready to state the following proposition: 

Proposition 21. Let X be a compact and oriented smoothly stratified pseudomanifold of di- 
mension n with a Thom-Mather stratification X. Let 

p : {Singular Strata of X} — >■ N 

a general perversity such that 

p{Y) = -1 

for each stratum Y of X with cod(Y) ~ 1. Suppose that, if we call q its dual, then we have 

p<q- 

Then 

Ii^PH^X^TZo), 3=0,-,n 
is a finite sequence of finite dimensional vector spaces with Poincare duality. Analogously if 

p{Y) = 

for each stratum Y of X with cod(Y) =^ 1 and 

p>q 

where q denote again the dual perversity of p, then 

p^iH^X^TZo), j = 0,-,n 
is again a finite sequence of finite dimensional vector spaces with Poincare duality. 

Proof. We know that p < q. This means that for each singular stratum of codimension i we 
have p < i — 2 — p that is p < . But p takes values in N and therefore p < if and 
only if p < [^^] that is p < m . This implies that p satisfies the assumptions of theorem 



14 



that is there exist a quasi edge metric g on reg{X) such that pg — p. In this way we can use 
proposition [20| to get the conclusion. 

In the same way if p > q then we get p >Wi . So we can use again theorem |14| and proposition 
[20] to get the assertion. □ 

We have the following four immediate corollaries: 

Corollary 10. In the hypothesis of proposition \2l\ if n is odd then 

/«-^fx(^,7^o) = (84) 

// n is even then 

I'^^^xiX, 7^o) = d*m(/«^Piy t (X, 7^o)) (85) 
when ^ is still even while if ^ is odd then 

7^o) = -dimil'^^PH^ {X, 7^o)) (86) 

Corollary 11. In the same hypothesis of proposition \2l\ suppose that one of the two following 
properties is satisfied 
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1. i* : IiW{X,TZa) — ^ IpW{X,TZo) is injective, 

2. i* : imHX,no) — > IPW{X,no) is surjecUve. 
Then 

im^X,no), PH^{X,no) j = 0,...,n (87) 
are a finite sequences of finite dimensional vector spaces with Poincare duality. 

Corollary 12. In the hypothesis of proposition \2l\ we have the following inequalities: 

dimiim{Hi{reg{X)) A H^^j^{reg(X)))) < dimFH\X,TZo) (88) 

dim{im{Hi{reg{X)) ^ H^^^{reg{X)))) < dimJ'i W {X ,11^) ■ (89) 

Moreover if on reg{X) we have that im{H^{reg{X)) H^j^{reg(X))) is not trivial for some 
j then on X I^H^ {X,TZq) and I'^H^ (X^TZq) are always non trivial for each each general per- 
versity p such that p < m or p > m. Finally, if on reg{X) we have that Hl{reg{X)) — )■ 



H^j^(reg{X)) is injective, then we can improve the inequalities (88) and (89) in the following 
way: 

dim{Hl{reg{X))) < dimPW {X,nQ) (90) 
dim{Hl{reg{X))) < diml'^ W {X,no) (91) 
bn-jireg{X)) < dimP H''-\X,no) (92) 
bn-j{reg{X)) < dimP H""- ' {X ,11^) (93) 



Proof. All the previous inequalities from (|88| to (91 1 are immediate consequences of the pre- 
vious results. For the last two inequalities we observe that by Poincare duality, we know that 
dim[Hi{reg{X))) = dim{H:^^\reg{X))) = h^_,{reg{X)). 

Moreover, from theorem |ll| we know that ^^j^j{reg{X), g) = H2^_^j^j{reg{X),g). There- 
fore using corollary [5] we get 

hn.,{reg{X)) < dzm(H^y:,^,(re.9(X), 5)) < dzm{H^-Z^{reg{X), g)) = dtm{P H^-^X^Uo)) 

5„_,(re5(X)) < dzm{H'^';/^^^,{regiX), g)) < dimiHJ^-J^JregiX),g)) = dzm{P H--\X,TZo)) 
and so the statement follows. □ 

Gluing together some of the previous results, now we can state the main result of this 
section. The first part is an Hodge theorem for im{I'^!3 H^{X,7lo) — > P" H^{X,TZq)), that is we 
will show the existence of a self-adjoint extension of : il],{reg{X)) — > il\{reg{X)) having the 
nullspace isomorphic to mi{P^ W {X ,Tli^) — > P^ H^{X,7lo)). In the second part we will show 
that (0? -1- (5)et), that is the Gauss-Bonnet operator having as domain the space of the smooth 
forms of even degree with compact support, admits a Fredholm extension such that its index 
has a topological meaning. 



Theorem 15. In the same hypothesis or theorem 13' Let l^m,i o,nd {dm -\-dm)ev the operators, 
as defined respectively in corollary^ and proposition 12_ associated to the riemannian manifold 
{reg{X),g). Then we have the following results: 

Ker{Am,d = im(/'«i/*(X, 7^o) ^ P^H\X,no)) (94) 

ind((rf,^ + d*Jev) = P'^'^xiX, TZo). (95) 
Proof. (94 1 follows by theorem 13 and corollary |4] analogously (95) follows from theorem [Ts] 



and from proposition 12 □ 
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Now suppose that dimX = An where X is as in proposition [21] Let g be a quasi edge metric 



with weights on reg{X). Then, by theorem 13 it follows that {L^U^{Reg{X), g),djnax/min,i) 
are Fredholm complexes and so {Reg{X), g) admits the signature a2{reg{X), g) as defined 
in definition |6j Moreover, using again theorem 13 it follows that in this case the signature 
a2{reg{X), g) is just the analytic version of the perverse signature introduced by Hunsicker 
in [M] in the case of depth{X) = 1 and reintroduced in a purely topological way and generalized 
to any compact topological pseudomanifolds by Friedman and Hunsicker in |13j . In other words. 



if Pg is the general perversity of definition 11 and Qg it is its dual, then 

a2{reg{X),g)^ag^^,^{X) (96) 

and we provided an analytic way to construct aq^^p^{X) when X is a smoothly stratified 
pseudomanifold with a Thom-Mather stratification wich generalize the construction given by 
Hunsicker in [TJ] in the particular case of depth{X) = 1. (For the definition of aq {X) see 
[13] pag. 15). 

We have the following corollaries: 

Corollary 13. Let X as in theorem^T^ and let g and h two quasi edge metrics with weights 
on reg{X). If Pg = Ph then 

(j2{reg(X),g) = (j2{reg(X),h). 



Proof. It follows immediately from theorem 13 □ 



Corollary 14. Let X and X' as in theorem 13 Let g and h two a quasi edge metric with 



weights respectively on reg{X) and reg{X'). Let f : X ^ X' a stratum preserving homotopy 
equivalence wich preserves also the orientations of X and X' , see 119^ paa 62 for the definition. 
Suppose that both Pg and ph depend only on the codimension of the strata and that Pg — Ph- 
Then 

a2{reg{X),g) ^ a2{reg{X'), h). 



Proof. As remarked above, by theorem 13 it follows that a2{reg{X), g) is the perverse signa- 
ture of Friedman and Hunsicker associated to the general perversities Pg and t—pg. Analogously 
a2{reg{X'),h) is the perverse signature of Friedman and Hunsicker associated to the general 
perversities ph and t — pt. So the statement follows by the invariance of the perverse signa- 
ture under the action of stratum preserving homotopy equivalences which preserve also the 
orientations. □ 



3.3 Some examples of manifolds without riemannian metric with fi- 
nite cohomology 

Now we go ahead showing an example of a manifold M such that im(i?*(M) — > H'ljj^(M)) is 
infinite dimensional. To do this we start with the following definition: 

Definition 12. Let M be a smooth manifold and let A C M. 

L We will say that A is bounded if its closure, A, is compact. 

2. We will say that M has only one end if for each compact subset K <Z M M — K has only 
one unbounded connected component. 

3. We will say that M has k ends ( where k > 2) if there is a compact set Kq C M such that 
for every compact set K C M containing Kq, M — K has exactly k unbounded connected 
components. 

The following proposition is a modified version of lemma 2.3 in |7]: 
Proposition 22. Let M a manifold with only one end. Then the natural map 

Hl{M) ^ Hl^{M) 

is injective. 
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Proof. Let a € riJ(M) closed and let / : M — ^ M a smooth function such that df = a. This 
implies the existance of a costant c such that f\M-supp(a) = c. Therefore, by the fact that AI 
has only one end, it follows that / — c has compact support. □ 

Now using Poincare duality for open and oriented manifolds we know that the de Rham 
cohomology with compact support is infinite dimensional if and only if the de Rham cohomology 
is infinite dimensional. From this it follows that if M is a smooth and oriented manifold with 
only one end and such that H^j^{M) is infinite dimensional then also im(7J*(M) — > H^j^{M)) 
is infinite dimensional. So we can state the following proposition: 

Proposition 23. Let M be an open and oriented surface with infinite genus and with only one 
end. Then im(iJ*(M) — > H'^j^{M)) is infinite dimensional and therefore M does not admit a 
riemannian metric g (complete or incomplete) such that g implies one of the properties listed 
in the corollary^ 

The rest of this subsection is devoted to show another example of an open manifold which 
satisfies corollary [8] but that it is not contemplate in the previous proposition. To do this we 
pass to state the following lemma which gives another sufficient condition to have im(_ff* — )■ 
HdR{M)) infinite dimensional for some i. 

Lemma 1. Let M be an open and oriented smooth manifold of dimension n. Let {Aj}j^j a 
sequence of open subset such that 

1. dAj is smooth for each j . 

2. lim.^oo dim{im{H'^iA,) -> H'^niA,))) = oo. 

Then for the same i im(_ff*(i\/) — > H^j^j^{M)) is infinite dimensional. 

Proof. It is an immediate consequence of the next proposition. □ 

Proposition 24. Let M be an open and oriented smooth manifold of dimension n. Let A <Z M 
an open subset with smooth boundary. Then there a natural injective maps 

Proof. Consider the following pairing: 

im{Hl{M) ^ W,j,{M)) X MHr\A) ^ H2j,\A)) ^ M, (M, [c.]) ^ f rjAuj (97) 

Jm 

where w is a i— form closed with compact support in M and is a closed {n — i)— form with 
compact support in A. As observed at the end of subsection 2.3 this pairing makes sense 
because a cohomology class in im(iJ*(M) — >• if^^(M)), or in im(iJ*(A) — > iJ^^(^)), is just a 
cohomology class in H^j^{M), or in such that it admits a representative with compact 

support respectively in M or A. Moreover from Poincare duality for open and oriented manifold 
it follows immediately that this pairing is well defined. Now let [u] E im(iJ"^*(A) — > H^j^^{A)) 



such that for each class [77] S im(iJ^(Af) — > H'^^p,{M)) the pairing (97) is zero. This implies 



that for each smooth and closed i forms (j) with compact support in M we have 

w = 0. 



M 

In particular this is true for each smooth and closed i forms (j) with compact support in A and 
therefore, using again the Poincare duality for open and oriented manifold, we get that there 
exists /3 G ri"~*~^(A) such that dp — oj. So we can conclude that [uj] = in im(i7*(A) — )■ 
H^j^{A)) and this implies the statement. □ 

Using the previous lemma we have the following corollary that was suggested to the author 
by Pierre Albin: 

Corollary 15. Let M be an open and oriented surface obtained gluing an infinite but countable 
family of tori. Suppose that M has a finite number of ends. Then im(77^(M) — >■ H^j^{M)) is 
infinite dimensional and therefore M does not admit a riemannian metric g such that g implies 
one of the properties listed in the corollary 
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Proof. The idea is to show that this is a situation in which the previous lemma applies. By 
the assumptions for each j € N big enough, we can find an open subset Aj with the following 
properties: 

1. A/ — Aj is disconnected, made of k unbounded components, where k is the number of 
ends of M. 



2. dAj is smooth, and made of k compact connected components. 



3. By the compactness of dAj it follows that each of its connected components is a compact 
smooth one dimensional manifold and therefore it is diffeomorphic to S^. So we can glue 
to Aj k copies of B, the unit ball in with boundary, to get a closed and oriented 
surfaces Sj of genus j. 

Now, recalling that 2 — 2 j = xi^j) — ^o(Sj) — + 62(2^) and using the Mayer- Vietoris 

sequence, it is not hard to see that dim{H^ (Aj)) > 2j — k where k is the number of ends of M 
and therefore it is fixed. By the assumptions this implies that on M we can find a sequence of 
open subsets Aj such that 

lim dim{Hlj^{A.j)) ^ 00. (98) 

j-i-oo 

Now recall the fact that on a compact and oriented manifold with boundary M we have 
H^{M, dM) = Hl{M) where M is the interior of M. So, from the long exact sequence for the 
relative de Rham cohomology on a compact manifold with boundary, it is easy to show that 
dim{H'^{Aj)) = dim{im{H^ (Aj) H^niAj))) + A^, where Xa^ G {0, k}. This means that 
the correction term A^^. could depends from Aj but in any case it lies in {0, fc} which is a 



bounded set being k fixed. Therefore, from this equality and from (98), it follows that if we 
take a sequence of open subsets {Aj} such that each Aj satisfies the properties listed above 
then 

lim dim(im(i/i(Aj) ^ = 00. 

This implies that we can apply lemma [T] and therefore the statement follows. □ 

Finally, using the notions introduced in definition [12] and proposition |22[ we conclude the 
section giving another application to the stratified pseudonianifolds and intersection cohomol- 
ogy- 

Proposition 25. Let X be as in theorem \13\ Suppose that X is normal, that is for each 
p G sing{X) there exists an open neighbourhood U such that U — {U D sing(X)) is connected. 
Then, if sing(X) is connected, reg{X) is an open manifold with only one end. 

Proof. Let K C reg{X) a compact subset. If reg{X) — K is connected then we have nothing to 
show. Suppose therefore that it is disconnected and let Ai,...,Ai the connected components. 
By the fact that X is normal it follows that there exists an open neighbourhood sing{X) C 

V C X such that V — sing{X) is connected. By the fact that K C reg{X) it follows that 

V = U-^i(Ainy) and from this equality it follows that V-sing{X) = u\^j^{Air]{V -sing{X)). 
Every subset Air]{V — sing{X)) is an open subset oiV — sing{X) and for each i,j G {1, 1} 
we have {A, (1 {V - sing{X))) n {Aj n {V - sing{X))) = 0. So the fact that V - sing{X) is 
connected, joined with the fact that V — sing{X) — ^\^i{Ai O {V — sing{X)), implies that 
there exists just one index in {1, I}, which we label 7, such that A^ O {V — sing{X)) 7^ 0. 
So we can conclude that 

1. V - sing{X) C A^. 

2. A^ U sing{X) is open in X. 

This implies that if we label K the closure in X of 

/ 

( U 

then we have 

Sic X ~ {A^U .sing{X)} (99) 
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and therefore ^ is a compact subset of X. But from (991 it follows that A C reg{X) and 
therefore it is a compact subset of reg{X). This allow us to conclude that for each i G 
{1, I}, « 7^ 7 we have that Ai is a compact subset of reg{X) and so we got the statement. □ 

We have the following corollary: 



Corollary 16. Let X be as in theorem 13 such that X is normal and sing{X) is connected. 
Let p be a general perversity as in the statement of theorem \14\ and let q be its dual. Then we 
have the following inequalities: 

1. dim{Hl{reg{X))) < IPbi{X,no), dim{H^{reg{X))) < I%i{X,no). 

2. bn-iireg{X)) < /p6„_i(X, 7^o), 5„_i(re5(X)) < 7^o). 

where IPbi{X,TZo) is the dimension of 1^ H''{X^TZq) and analogously I'^bi{X,TZo) is the dimen- 
sion of I'^H^(X,TZq). Finally if dim X = 2 and cod{sing{X)) — then 

I'^xiX) < x{reg{X)) (100) 
where I^x{X) = ELo(-1)'^-&^(^)- 

Proof. From proposition |25| we know that reg{X) has only one end. Therefore from proposition 
it follows that the maps H^{M) H\^{M) is injective and so the thesis follows by corollary 
Before to prove the second part of the corollary we do the following observation: by 



12 



12 



the assumption it follows that H^{reg(X)) is finite dimensional; using Poincare duality for 
open and oriented manifolds this implies that hi{reg{X)) is finite dimensional for each i = 
0, ...,2 and therefore x(''e5(^)) makes sense. Now by the assumptions on X it follows that 
sing{X) = {p} and X is a Witt space (For the definition of Witt space see for example [19] 
pag 75). It is well known that, over a Witt space, the intersection cohomology associated to 
the lower middle perversity satisfies has the Poincare duality, that is we have I—H^{X) = 
jnifj'^-i- (^X) . Poincare duality for open and oriented manifolds implies that b2{reg{X)) = 
dim{H'^{reg{X))) = 0. So, using the previous statements of this corollary, we have /— x(X) = 
-r^biiX) < ^bi{reg{X)) < 1 - b^{reg{X)) = x{reg{X)). □ 



3.4 Some applications to the Friedrichs extension of Aj 

This last section is devote to show some properties of the Friedrichs extension of A; : 51* (M) — > 

The main result is to show that if (Af, g) is an open and oriented riemannian manifold such 
that {L'^W*{M,g),d^cix/min,*) are Fredholm complexes then, for each i = 0, ...,dimM, the 
Friedrichs extension of : r2^(M) 51* (M) is a Fredholm operator. In particular this applies 
when M is the regular part of a compact and smoothly stratified pseudomanifold with a Thom- 
Mather stratification and 5 is a quasi edge metric with weights on reg{X). We start recalling 
the definition of the Friedrichs extension: 

Definition 13. Let H be an Hilbert space and B : H ^ H a densely defined operator. Suppose 
that B is positive, that is for each u € T^{B) we have < Bu,u >> 0. The Friedrichs extension 
of B, usually labeled B^ , is the operator defined in the following way: 

'D(B'^) — {u £ T>{B*) : there exists {un\ C ^{B) such that < u — w„, u — m„ and 

< B{un — Um),Un — u„i for n,m ^ 00} and we put B^ [u) — B*{u). 

Proposition 26. In the same assumptions of the previous definition B^ is a positive self- 
adjoint extension of B. 

Proof See [20] appendix C. □ 

Lemma 2. Let Aj : Hj — > Hj, j = 1,2, two positive and densely defined operators. Then on 
Hi © H2, with the natural Hilbert space structure of a direct sum, we have 

{Ai®A2f^A(®A^. 
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Proof. It follows from the assumptions of the lemma that Ai (B Ai : Hi (B H2 ^ Hi (B H2 is 
densely defined and positive. Moreover it clear that {Ai © A2)* = A^ (B A2- 



Now let (a, b) e V{{Ai (B A2)^). From definition 13 it follows that (a, b) G V{{Ai ® ^2)*) and 



there exists a sequence {(a„, 6„)} C VI^Ai (B A2) such that: 

(a„, 6„) -> (a, b) and < A ® B{{an,bn) - ( )), (a„, 6„) — (a™, 6m) >— > 0. 

Furthermore from the same definition we know that {Ai ® A2)^ {a,b) = {Ai ® A2)* {a,b). But 
from these requirements it follows immediately that a £ I?(y4|), b S ^(ylj), {a„} C 2?(^i), 
{&„} C 15(^2), a„ — a, < Ai(a„ — am),a„ — a,„ >— ^ and analogously that 5„ — >■ 6 and that 
< A2{bn-bm),bn-bjn >^ 0. So it foUows that a e X'(^f ), & e ) and (Ai ® A2)-^(a, 6) = 

^i^(a) (B Afib). In this way we know that Af © A2 is an extension of (^i © A2)'^. Moreover 
it is clear that also A^^ © A2 it is a self-adjoint operator because it is a direct sum of two self- 
adjoint operators acting on Hi and H2 respectively. Finally, by the fact that both © A2 
and {Ai © ^2)-^ are self-adjoint operators, it follows that © = {Ai © ^2)-^. □ 

Remark 6. It clear that the previous proposition generalizes to the case of a finite sum, that 
is if we have Aj : Hj — > Hj j = 1, n such that for each j Aj is positive and densely defined 
then: 

n n n n 

{Ai © ... © A^f : ^ H, = Af © ... © : H, ^ H, (101) 

Lemma 3. Let E, F be two vector bundles over an open, incomplete and oriented riemannian 
manifold {M,g). Let g and h be two metrics on E and F respectively. Let d : C^{M,E) — > 
(M, F) an unbounded an densely defined differential operator. Let d* : {M, F) — >■ 
C^ {M, E) its formal adjoint. Then for d* o d : L'^{M, E) L'^{M, E) we have: 

(d O d) — djYiax ^ ^min- 

Proof. See [Hj, lemma 3.1 pag. 447. □ 

From lemma [3] we get, as it is showed in ^ pag. 448, the following useful corollary: 

Corollary 17. Let {M,g) be an open, oriented and incomplete riemannian manifold of di- 
mension n. Consider the Laplacian acting on the space of smooth forms with compact support: 



A:017^,(M)^0f7^(M). 



4=0 2=0 

Then for 

n n 

: ^L'imM,g) ^L^n\M,g) 

i=0 i=0 

we have 

A-^ = (d + 5),nax O {d+ 5)min- 

Now we are in positions to state the following result: 

Theorem 16. Let [M,g) be an open, oriented and incomplete riemannian manifold of dimen- 
sion n. Then for each i ^ 0, ...,n we have the following properties: 



1. Ker{Af) = W^,„iM,g) = Ker{Am^n,^), ran{Af) = ran(A™„^,,)- 

2. // 2 m-i-Af (-^^7 5) is finite dimensional then Ker{Af) is finite dimensional. 

3. If {L^fl* (M, g), djnax,*) "is a Fredholm complex, or equivalently if [L'^VL*[AI,g),dmin.*) is 
a Fredholm complex, then for each i Af is a Fredholm operator on its domain endowed 
with graph norm and ran{Af) = ran{Ajnax,i)- 
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Proof. In the first point the equality ?^^,j„(M, g) = Ker{Amin.i) is showed in [4^ prop. 5. For 
the other equahty, from lemma [2] and corollary |17[ we know that 

{d + S),nax o{d + S),mn = = ®r=0^f 

and therefore 

Ker{{d + 5)„^ax o (d + 5)„„„) = Keri^^^^Af) = Q^l^^KeriAf). 

But for Ker{(d + 5)max o [d + (5)„i„) we have Ker{{d + S)rnax ° {d + (5),„„i) = Ker{d + 
S)min) = Ker{dmin) H Ker{dmin) = ®i^oKer{dmin,i) n Ker{dmin,i-i)- The first equality fol- 
lows by the fact that for each rj S T){{d + S)max ° (d + S)min) we have < ((d + S)max ° {d + 

S)min){'n),V >L^n{M,g)=< {d + 6) min) (fl) A^- + S) min) {r]) >L^n{M.,g) ■ 

For the second equality it is clear that Ker{d + S)min) C Ker{dmin) H Ker{5„iin)- But 
Ker{djnin)<^Ker{ d,nin) = {ran{dmax ) + ran(6jnax))'^ and Ker{d+ 6),nin) = {ran{{d + 5),nax))'^ ■ 
By the fact that {ran{{d + S)max)) '~= {ran{dmax) + ^(^{Smax)) it follows that Ker{dmin) H 
Ker{Smin) ^ Ker{{d + 6)min) and so we have obtained the second equality. The last equality 
follows because {ran{dmax) + ran{Smax)) = ®i=a{ran{drnax,i~i) + ran{6.maxA)) that is 

{Ker{dmin) H Ker(5.min))^ = ®1=f){Ker{dmin,i) n Ker{5ynin,i-~i))^ 

and both Ker{drnin) n Ker{Smin) and ©"^gif er(fi™„,i) n Ker{Smin,i-i) are closed. 
In this way can conclude that ®f^gifer(Af^ ) = ®"^Q?^^j„(M, g) and therefore that 

^™JM,3)=^er(Af). 

Finally, using the fact that Af is self-adjoint and that A,nin,i = i^max.i)* it follows that 



ran{Af) = ran{Arnax,i)- 

For the second point, if we call iTabs^i ■ L'^^^{M, g) — >• H^j^(M, g) the projection on W^i,g{M, g), 
we know that iTabs.i{T~^''rei) — ^2 m-i-M (-^^1 3) ■ This property is showed in a more general 
context in the proof of theorem [t] and remarked in remarkjl] But 'H\^^^{M, g) — Ker{dmin,i) H 
i^er(<5„„„,,_i) = n:^i,siM,9)nW,jM,g). So ni,,,jM,g) C iTabsAKeiiM, g)) and therefore 
the second statement follows. 

Now consider the third point; we want to show that if {L'^V.* {M, g), dmax,*) is a Fredholm 
complex then also {d + S)jnax o (d -I- 6)min ■ ©"^q^^^H^' ff) ~^ ffi"=o-^^^'(^: 9) is a Fredholm 
operator. By the previous point, we already know that the nuUspace of (d + S)max ° {d + 6)min 
is finite dimensional. So we have to show that its range it is closed with finite dimensional 
orthogonal complement. To do this is equivalent to show that the cokerncl of (d + S)max ° 
{d + S)min is finite dimensional. We will do this showing that ran((d + 6)max ° [d + (S)min) = 
ran{{d + 6)max) and that (d + S)rnax has finite dimensional cokernel. To do this we observe 
that, by the fact that (d + (5)^j„ — {d + S),nax, it follows that 

ran{{d + S)max) = {{d + S)maxiu) : u G ran{id + S),ni„) n T>{id + S)max)}- (102) 

Now, as we showed in corollary 6 of 4 , if {L'^n*{M,g),d„iax,*) is a Fredholm complex then 

dmax ~t- ^7nin 

is a Fredholm operator. But the fact that ran{dmax + Smin) C ran{{d + S)max) 
implies that there is a surjective map 

{(B2^,L^n%M,g)) ^ {®^^^M{M,g)) 



ran{{d + 5)max) ran{d^ax + ^min)' 

So (d + 5)„iax on its domain with the graph norm is a bounded linear operator with finite 
dimensional cokernel and this implies that the range of (d -I- d)max is closed with finite dimen- 
sional orthogonal complement. But ((d + S)max)* = {d + S)min and therefore also (d -I- 5)mm 
has closed range. In this way ( 102 1 becomes 

ran{{d + S)max) = {{d + S).max{u) ■■ u G ran{[d -f 5)min) n 'D{[d + 5)max))- (103) 

So we can conclude that ran{{d + S)max ° {d + S)min) = ran{(d + 5)max) and therefore (d -|- 
5)max ° (d + 6)min is a Frcdholm operator. 
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Now, by the equality (d + S)max o (rf + 5)min = (Bf=Q^f , we get, for each i = 0, n, that also 
Af has closed range. Moreover we already know that its nuUspace of Af is finite dimensional 
and so, because it is self-adjoint and with closed range, we can conclude that it is Fredholm. 
Finally, as we showed in [1] corollary 6, we know that Amax,i has finite dimensional cokernel 
and so we can conclude that ran{Amax,i) = ran{Af). □ 

As mentioned at the beginning of the section the following corollary is an application of the 
previous theorem; it already known when X is a compact manifold with isolated singularities 
for any positive conic operator (see |18j ) and also for when {M,g) is a manifold with 
incomplete edges, see [21]. 

Corollary 18. Let X be a compact smoothly and oriented stratified pseudomanifold of di- 
mension n with a Thorn Mather stratification. Let g he a quasi-edge metric with weights on 
reg(X). Then on L'^^V' {reg{X) ^ g) , for each i = 0, ...,n, Af is a Fredholm operator; moreover 
ran{Af ) = ran(Amax.i) and Ker{Af) = Ker{Amvn,i) = W^i^i^M^g). 



4 Final considerations 

Consider again an open, oriented and incomplete riemannian manifold (Af , g) of dimension 
n. By corollary [5] we now that that there is a copy of im(i/2,mi„(Af, g) — S' H2 ^^axi^ : d)) 

each i — th reduced cohomology group H\ d d) of each closed extension {L^fl* {M, g),Di,) 
of (ri*(M), d*). In the same way, using again corollary [5] we know that there is a copy of 
im(iJ2 min(-^' 9) ~^ H2,max{^^ ff)) GSich i—th rcduccd cohomology group i?2.D, (-^j 9) of ^ach 
closed extension [L'^Vl* [M , g) , D^,) of (r2*(M)'d*). In particular, by theorem 12 we know that 



when drain,! has closed range for each i then the groups im(7J2 mini-^'^^ 9) ~^ Hi2,maxiM, g)) are 
really the cohomology groups of an Hilbert complex that we labeled (L^f2'(M, g),dm,i)- There- 
fore we can look at im(_ff| ,„j„(M, (;) — >• Hl^^^^{M,g)) as the smallest possible L^— cohomology 
groups for (M, g) . 

From the Hodge point of view the smallest Hodge cohomology groups are 'H^j„(M, 5) defined, 
for each i = 0, as Ker(dmin,i) H Ker{dmin,i-i) or equivalently, see [3] proposition 5, as 
the nullspace of Amin,i, where Amin,i is the minimal closed extension of : 17^ (M) — > fi* (M) 
Therefore a natural question is: 

• Is there any relations between 'H^j„(M, 5) and im(i72 mi„(Af, 5) H\ ^^,j.{M , g)) or 
between H\^i^{M,g) and im(iJ^ ,„i„(M, g) ^ H\^,^^^{M,g))l 

In [IS] theorem 4.8, using techniques arising from Mazzeo's edge calculus, the author showed 
that if (M, g) is an incomplete manifold with edge then we have the following isomorphism: 

nla,jM,g) - im(ff^,„,„(M,5) ^ Hl^,,{M,g)). (104) 

Therefore, using corollary |4] and theorem 16 we get the following immediate consequences: 



Corollary 19. Let (M,g) be an incomplete manifold with edge. Then, for each i — 0, ...,n 

1. Ker{A^^i) = Ker{A,a!n.,,) = Ker{A{) 

2. ran{A^^i) = ran{Amax,i) = ran{Af) 



Finally we conclude the section showing that the isomorphism ( 104 1 is equivalent to require 
that the Hilbert space L^r2'(M, g) satisfies some geometric properties. 

Proposition 27. Let {M, g) an open oriented and incomplete riemannian manifold. Suppose 

that, for each i = 0, n, mY[H\ „iini^-^^ 9) ^ ^2 maxi-^^ 9)) fi-f^^i^ dimensional. Then there 
exists alway an injective map 

'H]rnn{M,g) ^ im(H\ ^^^^{M , g) Hl,maxiM, g)). 
Moreover the following properties are equivalent: 

1- 'Hlmn(M,g) = im(H'„{M,g) Hl„,ax(M, g)) 
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3. Let TTabs/rei/7nin,i ■ L'^^'{M,g) -> '^abs / rei / mini^'^ ^ d) be the Orthogonal projection of 
L^n'{M,g) respectively on H^.^iM , g) , niJM,g) and H\^^^{M , g) . 

Then TTrelji ^ '^abs^i — '^min,i — '^ahs.i ^ '^rel.i- 

4. K,iiM,g) = H\^„XM,g) © {ran{draax.,)^Kei{^i,9)) 

5. ran{dmax.i) = {ran{dmax,i) n 'K,^i{M,g)) ® ran{dmin,d ® {ran{djnax,i) H ran{S^ax,i)) 

Finally, if {L'^Q,^{M,g),dmax,i) or equivalently {L'^Q,^{A1, g),dmin.i) ^ Fredholm complex then 
there exists always an infective map 

HlmniM,g) im{Hl^^„{M,g) Hl^^jM,g)). 

Moreover the previous four equivalent conditions become: 

1. Hl,,,jM,g) - im(ff^^„„,(M,5) ^ Hl„^^^{M,g)) 

2. n\,,{M, g) = Hj„,„(M, 5) ® {ran{5raax.) n H1,,(M, g)) 

3. Let 'Kabs/rei/rmn,i ■ L'^^''(M,g) "^abs/reZ/mm (^^' be the Orthogonal projection of 
L^n'{M,g) respectively onW,^,(M,g), K,iiM,g) and ni^^„{M , g) . 

Then T^rel^i ^ '^abs,i — '^rnin,i — '^abs,i ^ '^rel,i- 

I K,iiM,g) = H\^„XM,g) ® {ran{draax,^)f^Hl,l{M,g)) 
5. ran{d 

max. I 

) = {ran{d 

max.i ) n Hl^iiM, g)) © ran 

max. 

i) n ran{S„iax,i)) 

Proof. Clearly it is enough to prove just the first part of the proposition. The second part 
follows by the first part of the proposition and by the fact that if {L'^il^{M, g), dmax/min,i) is 
a Fredholm complex then dmax/min,i has closed range. Let tti^^ : 'H\^i{M,g) — ■^^^^(M, g), 
TT^^i : 'Hl^^g{M,g) — Hl.^i{M,g) as defined in the proof of theorem [t] Moreover, by proposition 
[Sj we know that (tti ^)* = tt^^^ and analogously (t^ia)* — '^4,1- By the proof of theorem [7] we 
know that 7ri^i('H*g;(M, gr)) ^ im{H2^^in{M, g) — ^ H2,max{^^g))- Clearly, by the fact that 
^lmn{M,g) = n:,f,^{M,g)nni.jM,g), it follows that H;,„(M, 5) C n,^,{niJM,g)) and so 
we got the first assertion. 

Now we pass to show that 1) 2). As recalled above we know that t^i, iOi\.^i{M,g)) = 
MHl,m^niM,g) ^ Hlmax{M,g)) and that W^,jM,g) = ni^^{M,g)nni.,i{M,g); therefore 
using 1) it follows that Hl^,r.{M,g) = 7ri,,(-H;^,(M, g)). This implies that ('Hj„,„(M, g))-^ n 
^abs{M,g) = {n,4ni,i{M,g)))^nni,,{M,g) = Xer^.) = {ran{6maxa) nni,,{M, g)) and 
this complete the proof of the first implication. 

Now suppose that 2) is satisfied. Then it is immediate that 'nrei,i°''^abs,i — T^min,! and therefore 
it is an easy consequence that also TTabs,i ° T^rei,i = T^min,i- Moreover it is still immediate 
that 3) ^ 4) because in this case 7r4^i('H^j,^(M, g)) = H^j„(M, g). Now we want to show 
that 4) ^ 5). Clearly 'H*„j„(Af, 5) is orthogonal to ran{Smax,i) and to ran{dmax.i)- This 
implies that the range of the orthogonal projection of ran{dmax,i) onto H!^^i{M, g) is just the 
intersection Hl,^i{M, g)r)ran{dmax,i)- From this it follows that also the range of the orthogonal 
of projection of ran{d„iax.i) onto ran{6max,i) is just the intersection ran{dmax.i) H ran{5max,i) 
and therefore the implication 3) 4) is proved. Finally, if 5) holds, it is immediate to 
show that ■ni^i{T-Ll^i{M,g)) = 'H^j„(M,g) and this , using the fact that TTi^ii'Hl.^iiM, g)) = 

im(iJ2.,nin(-^^i .9) ^ H2.rnax{^^yg)) implies 1). This complete the proof of the proposition. □ 
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